
The transition between Zones 1
of a control system.

and 2 is the frequency limit

?aaar
r^ot io

1
(0db)

ZONQ ?
zone I

zon? 3

Error Ratio (ER) = ratio of closed-loop error magnitude to
open-loop error magnitude

ER=
(1 + G(s).H(s)) . (1 -  c(s) .H(s))

Magnitude of the complex number given by the above

t in i t

f req
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Example: Find: 1.) the open loop transfer function, 2.) the
closed loop transfer function, 3.) the error ratio of a control
system where the forward gain G(s) is:

G(s) '=
21 .8

1 * 0.379.s + 0.0063.s2

The feedback system gain is:

H(s) =
.356

1 + 0.478.s

4.) Compute value of the open and closed loop transfer
functions when rrl = Q. 1 , 1, 10 and 100.
5.) Compute the value of the error ratio when rrr = 0.1
1, 10 and 100.
6.) Use Matlab to plot the open and closed loop transfer
functions on the same Bode plot axis.

o.3S6

o.q?8 *t

Fun
L

FLI

I

;l/ oNC/

+
f t )* l  f  r  p lg d.enao.tN.n- i  on

'J

Q t o.3?9S +o,oo esst)(+o'4?8s= / t -  o,3?9 s+ o.q7e .s + o. tB//a **o.cnGgsls.orxIo!3

z4nls
?.?6oO

f + ogSZ s To, t8?4lSz + o' ooto/{ s3
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Example (cont.) Z )
, G(s) H Cs) _
I  tG6s) H(s)

C toseD l-oo F TR n rr-FR FaNcl ypxl
?. ?ao e

1+o.gs?s*0,t f f i
7,?aog

I + 0 rs?s +o,l&)46s2+ Obffi

? ?<oe
+ 0,8S?sf O, t8 '74 6St+o,oo3of S: l "Z,ZeoE

l+

G(s) H (s\

I * G(s) HG)

cG)H(s)
I

3,)

t G(s) H G)

ARQoA Rnrp
-^, \  t  IT- / - \  r^\  _ r-ct<\ ' / '  

I  t+ G(s)H(s)

ER(s)=l ,  l  t  /  I16 l=l f f i l
sr,rBsTlrrrTE /.ru G(s)H(.) F-Qsr.-. .r  

l '  I

ilBovr
l /

E(6)=l .
l '  Q*o'8s?s -+ o,  tB:<Ast+o, Qlo63/

EPG) J ( t+o,es^ts to,  rg?a.t to"oosots3) '_ I,

ft i * ", Bs?s + o, ,n ecs'r o. od3o , =t)t - (z z< ode t

f  e(*)- i  __(l +? rs?_s *?,rrz+as'+ o,oosorss)a 
l l  o*h' \ \  l  

/ ( ; ; 'qs?s4o'r  lS
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G (ar) .H(ar)  = 7.7608

1 + 0.8S7. j . r r r  + O.1g7S. ( j .  r )2 + O.OO30. ( j . r )3

v\vrt ' l r -v/-  
l+o,s<?X- =eH(w)

f* rz,- , ]  
q 

d
l0- I  Su6"" l r l  ,^#e i r  14v:o, l  q-^dsr"nrpl  r {v
l ts-- i  I  

- . " I  'J
Ld ol 6{1o, l)=., .  ,  . I .?gu8- _. ,  -.- - --

Exampfe (cont.)
4') compute the vaf r"r-:f 11"_ open and ctosed roop transferfunctions at or= 0.1, 1,10, lOOiSJlsec

oPEA/LdsP

l+ o. oo/ 0 7s + o. o Ss ?d - 3xti 6tr'

GHlo, i )= 
_ Z?eopv 

v 
= ?,?coft

0.999t3 *  Xo,oss6g?
-**-- q

l ,  ouz/t,gf

Arus
r

Gr{(r) '

G t-t (D'

7,,Teog -  ;
I  + o.8sz40) - o, tazs(r). - o, oo3 j(t) '

(J0

- 
J'76a8--- - - ?, ?(o I

l -o,1f f?S, + o '85?t -o 'e3:
0d

o. Q{aS *(o,8s1

GH(l)= -  
"?6aPl,  ,?8 g /+a,42

6,sB l  / -494"
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Exampfe: (cont.)
opE^r Aoop Gru(,{ .

.

I  +o,gs?.( tn\  _A tv,e.' 
d,,o)-o, 

tfTs(.)._ o. ooffi
7,7e08 

-- , . - -  
v

€;  7.zeo!
ry-2

7 ?<oB

Ga (/a) :

GH (ro) =
/- /8.7s * . t?^ ,d
7,76oP

- /7.7s+t , t?

ld.co 3/taz.s?o=----

o- 4l7Z '  t6z.ao

?. r<o gG H(,-) =

GH(ra) ; ;  .  3.?40 0._
- tQJq - y 29 t1.S

(

1so.Ps rd,.o - d, r 0 7S(oora.y (;t'

/+8s.7d-/8Zs-B*d
f t r / .  \  V V
t5 f't ( /cB 1 - /> Flz 

^ rr .e**@-  ' t  ? '?aog:* )o,oo?,14 / tzz.zld I Uoi'€ Dho*€346{.034rrad -  
: CAanles

CoruurpT To dl

Jo LT I  cH(o r)  l .= 2 o I  "70.?oa1 ? r? ?aa Jf _{,e ro
zo A"1 le H (' 'o) l" ao Lo1 (< ss<) = ta aro d{ - 46.4o
Zt, ,7 leH(r)  l= ,"L, ;Q,o/?z) =-z.sesJ( - t6z,co
zo L"?lcu Q*){= zo 1"7Q, uozzv) =  ̂ s3 o JA + tzz.ao

C o rn FuT t cr os r| Ldb p 

'/*uspe 
R fu uq7 to4)

vAtLrES Jp sA,"nE FAsAt toN.

p ho*e

pAose,

p 1,,,"t<

Plr^q
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Computing values of closed loop transfer function.

G(s).H(s) = GH 
"(s)

Make this definition 1 + G(s).H(s)

G li.(r^,) --

C rt.cr) .

Glt(o.D '

C N.(o,D ,

GH.(/) :

GLt. ( t) =

GH.(rq =

Co ruve eT To dt

z o 4"3/ 3 H.(o't)'/' =

zu Lo1 lctlr(r) I 'J
et438a1O.MCD 13
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:-/, zt xnlrerxifr

7'  ?(o 8
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( ( (

8. ?aoa * O,SS?6t,'l - o.tK?Srr.r1 - Opo3d t^l3

Q.7co8+ o.  Vs , lP

-q- 

v

o.886 o qg]

_?aog _ . ,  : ,  ;_. i

= o, FB 6 - 8. ctxi"'i
u
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zo Lo](r.9ouq) 
: - | '9 r r d'6
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,z o 11 [ e H.{r.)l = zo l.J(o. a?s 6) = -:. aetdd
pl"cse, -  /So,9o

LO L':  \  G Hc (r*)\  = ZoL.l  (o.ooz.oo) = -s2.es Jf t2?.62" doL'<

5.) C..,^p*b f eeoR e4rlo {oe LtJ' o' l, lr /or /oo ntd/sec

De{,^,1,i '^ d gmon Pqtiro

ER=l; : - . - , , t  I  r {1E'| \ 
| ( r- <@[ 

= 
/{t 

* GH<q)(t- 
"'u.) I

Af (r :  o,  I  dn(o,r)  = l .?4 G *gro

AR=l I  \
l(t r r,l4LFqspY(-?34.A,) 

I

s9 .o ,t 
/,?, ,cl=m

Example (cont.)

ER

Ar t*s. l  GH(r) :  ( ,sg<l  / -qa.q

'I
fR=! I  ,  Ib '\ 

{6r+a,ss44s+1 (- a ssqlg") 
I

ER=l t  I  l - r

h,".r@ l=1o "t j
AT kr-- /o G/.1(ro)=o,{ t?Z . . (o

AR.

el/* lE K' 
lr, 

n o,l t\z/- re'cy-o,r r rr4*g')(
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Example (cont.)
Complete the computations of the error ratio

&r=o, I

L<s= I

Zo L"1(o- or l )  = -3s-3q d(
J

z, L"3 (u 'or3) :  -  3Z- zt  J lo

ZuL"1( l , rs l )= l '28 JL
l'^)

UJ

:  lO

. /oo ZoL"1 ( , )= @ Jt

As the frequency increases the error ratio increase. lt peaks
and then comes to a constant value of 1.

The three zones are defined as:

Zone 1: error ratio < 0 db; good control;
decreases the error
Zone 2. error ratio > 0 db poor control;
increase the error

controller

controller

Zone 3: error ration = 0 db no control; controller
does not affect the error

l_5et438a10.MCD



The Matlab code to generate the bode plots follows
t  Example bode calculat ions
clear al l , '
c l -ose al ] -  '
I  def i -ne the forward gain numerator and denonuinator coeff ic ients
numg= I2L .8) ;
demg=[0.0063 0.379 ]- l  ;
I  def ine the feedback path gain numerator and denominators
numh= [  0.  356] ;
demh=[0.478 ]- l ;
E construct  the t ransfer funct ions
G=tf  (numg, demg) ;
H=tf  (numh, demh) ;
I  f ind GH(s)
GH=G*H
I f ind the c l -osed loop transfer funct i -on
GHc=GHl ( 1+GH)
I compare i t  to the der ived closed loop transfer funct ion
I note that the program does not give the minmum algebraic model-
GHt=tf  ( [7.7508],  [0.00301- 0.1875 0.857 8.7608] )
t  th is statement plots al l -  three systems on the same axis
I  Lhe open loop system is in green wit .h ots at  every data point
t  the Mat lab der ived closed loop functoin is in red
? and the closed loop funct ion der j -ved by hand is in blue with
I  o 's at  every data point .  The value i -n cur ly brackets are f req. l imi ts
bode(GH, rgo-t  rGHc, t r - r  rGHtr tbot ,  {0.  1,  100} )

Transfer function: G(S)H(S)
7.761

0.00301 1 s^3 + 0. 1875 s^2 + 0.857 s + 1

Transfer function: G(s)H(s)/(1 +G(s)H(s)) machine generated

0.02337 s^3 + 1.455 s^2 + 6.651 s + 7.761

9.069e-006 s^6 + 0.001129 s^5 + 0.0403 s^4 + 0.3507 s^3 +
2.564 s^2 + 8.365 s + 8.761

et438a10.MCD 16



The last transfer function can be factored and simplified into
the same form as the hand-derived transfer function

Transfer function: G(s)H(s)/(1 +G(s)H(s)) hand derived
7.761

0.00301 s^3 + 0.1875 s^2 + 0.857 s + 8.761

Bode Dagmarns

m
!

(l)
-(f
=
.=
c
o)
(d

o)
o

E

o
(t,
(d

o-

1oo

Frcqrercy (ndsec)

rot
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Plot the error ratio for the example system and determine the
Maximum frequency limit.

10

0

-10

-20

3-.0
.9
E -+o
E

b
E -so

-60

-70

-80

-90
1o-t 1oo 10'

Frequency (radisec)

Maximum frequency limit occurs when the error ratio first
crosses 0 db.

Max f is approx. 7 radlsec from the graph.

1ot

Enor Ratio Plot For Example System

lt
I
il I

il I
il I

I

il /

il
))
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Another method of finding the maximum stable frequency is
the deviation ratio.

magnitude closed loop error
Deviation Ratio =

magnitude setpoint

DR(s) =
1+ G(s).H(s)

Plot Deviation and Error ratios on same graph for the example
system.

ll'o

.o
ru
E,
C,
o

.(U
dt
o
o
.U
E,
o

ul

'al

"l
."1
"l
' ro{

-roo I
10

Error Rat io And Deviat ion Rat io P lot  For Exam ple System

I bb"'

/

/ F

-.t/

./

d

t)

^/

./ H Etror Rat io
H Deviat ion Rat io

10"
Frequency (radlsec)

1ot1oo

Same zone criteria as error ratio
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Stability of Control Systems From Bode Plots

A stable control system is one that has an open-loop gain of
less than 1 (<0 db) when the open-loop phase anole is -180
degrees.

lf control system has an open-loop gain of exactly 1 (0 db)
when the open-loop phase angle is -180 degrees, then the
system is marginally stable. (will oscillate).

lf the control system has an open-loop gain of qreater than 1
(>0 db) when the open-loop phase anole is -180 degrees,
then the system is unstable.

Gain and Phase Margins

Gain Maroin - Gain level that is considered a safe level below
1 (0 db). Minimum level set at 0.5 (-6db) at phase shift of
-180 degrees.

Phase Margin - Phase shift above -180 degrees that is
considered a safe level. Minimum level set at 40 degrees

Define the two frequencies

0 odb

co 1go

Frequency where gain is zero db

Frequency where the phase shift is -180
degrees

et438a10.MCD 20



Gain and

-m 180

Phase Margins

Gain margin 180 r  p 0db
Phase
margin

Open-loop

/s^inr p degrees

Open
loop
phase

-180 deg.

Oodb 0teo

Procedure
1.) Draw vertical lines through the 0 db point of the gain plot
and the -180 degree phase shift point of the phase plot

2.) Draw horziontal lines through the 0 db point of the gain
plot and the -180 degree so that both oooo and orso lines
are intersected

3.) Read the gain and phase margins from the difference
between the 4 horziontal lines

et438a1O.MCD 21
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Example: A first order lag process has a dead-time delay of 2
seconds and is controlled by a proportional controller. The
open-loop transfer function is given by:

GH(s)=40 --  1-- ."-2 ' t
(1 + 100.s)

1 .) Find the magnitude and phase angle of the transfer
function at cD = 0.001, 0.01, 0.1 and 1 rad/sec by hand
calculation.

Substitute jrrr for s and find complex number. For the
exponential term, remember Euler's ldentity.

e-A'o - cos(2.rrr) - j .sin (2-r l) Gain atways 1
phase increases
with increasing rrl

For crl := 0.001

1
GH (co) = 40. '  . " -4 ' '

(1 r  100j .crr)

1 + 100j .0.001
= 0.99 _ 0.099j e-2i.0.001 = 1 _ 2.tO-3 j

Convert to polar flrm | 0 99 - 0.099j | = 0.99S

0 r = atanf +:n' 
,

\  e- l  or--5711'des
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Example: (cont.) Convert exponential part to magnitude
and phase shift.

Multiply magnitudes and add phase angles

m := 40.0.995.1 m =39.8 0t  := 0t  + 0O

Convert  Gain to db db := 20. log(m)

db = 31.998 db

0 t = -$.596 'deg Phase shift

Now for cD := 0.01

GH ( r,r ) := 40' 
1 

'e- 2l^

(1 + 100j ' r r r )

1 * 100j .0.01
-0.5-0.5j  e-2i '0.01 =1_0.04

I '1.10- 3 
\

1-2.t0-3. j  l=1 0o:=atani+-/  0c=Q. 115'des

Convert to polarform I O.S - 0.5j | = 0.707

o r := atan ( g!^nn \ I
\  e-/  o l  -  -5 711 'des

or:= atan( 
: )  or  =4s.des
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Exponential gain and phase shift

l r  -o.o2. i  l=r  0o:=atan(+*) to=-r .146'des
\ /

Multiply magnitudes and add phase angles

m := 40.0.707.1 m =28.28 01 := 0l  + 0 O

Convert  Gain to db db := 20. log(m)

db = 29.03 db

0 t = 46-146'deg Phase shift

Using the same method to find the values at crr=O.1 and 1
rad/sec gives the following results.

At o :-- 0.1

db := 12.0 db 0 t  := -95.7.de9

At crl = 1.0

db : :  -  8.0 db 0 t  := -204.0'deg

Construct an open-loop Bode plot using Matlab and find the
gain and phase margins for the control system
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Matlab code to find the Bode plot

I Example bode calculations
clear al l ;
c lose al l ;
t define the forward gain numerator and denominator coefficients
numgh= [40] ;
demgh=[100 1] ;
I  construct ,  the t ransfer funct ion
Gh=tf (numgh, demgh) ,'
I Use the bode function with its argunent,s so that it returns the
I magnitude, m, the phase shi fL,  p and the frequencies so that
t  the ef fect  of  the dead t ime delay can be added to the system
[n p w] =bode (ch,  (  0.001-,  1]  )  ;
I  now compute the values of  phase shi f t  for  the t , ime delay using the
E formuLa -2*w*57.6
pd=-2*w*57 .6;
I Add the the phase shift of the transfer function to the deadtime deJ-ay
t  take the phase shi f t  out  of  the 3 column array [d p w]
phase=p ( :  )  ;
pt=pd+phase;
I compute the gain in db
db=20. * log10 (m) ;
I create a figure window
figure,'
I divide the pJ-ot area in two parts
subplot  (2rLrLl ;
semi logx (w, db, 'go- '  )  ;
x label  (  rFreguency (rad/sec) !  )  ;
y label  ( tGain (db) ' ) ;
t i t le (rExample Bode Plot ' )  ;
gr id on;
subplot  (2,L,21 ;
semi logx (w, pt ,  tgo-t  )  i
x label  (  rFrequency (rad/sec) '  ) , '
y label  ( rPhase Shi f t  (Degrees) I  ) ;
gr id on;
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