
Process Control Pri nciples

Fundamental control concepts

Regulate value of a quantity compared to a
reference value. Reference called setpoint

Process - a collection of equipment and
materials that takes inputs and has outputs

Example
Qort depends onV6-
l f Qout = Qin, h constant
Qout t Qin, tank emPties

Qort ( Qin, tank overflows

I
H

L
No reference value given
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Basic Control Elements
Measurement
Control decision
System modification

I
H

L
controller

f inal
control

oout element

tank level, H, is reference (setpoint)
h is the control variable.

Human is the controller, adjusts
Qort to maintain h as close as possible to H

Example of regulator action

neosurerrent
sight gLoss

et438a-1.ppt



Automatic Control Systems
Automation

Autorrot ic
Contro[

sensor

contnol .
e lement

Oor.rt

Use sensors and analog or digital electronics to
monitor system.

Elements of Automatic Control System
Process - single or mult iple variable
Measurement - sensors / transducers
Error detection - compare H to h
Controller - generate corrective action
Final control element - modify process

I
H

L
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Block Diagrams
Reduce complex systems to inputs and outputs

Signals form a loop Control loop

r = reference setpoint value
c = control variable in the process
m = measurement of control variable
p = controller output
u = control element change
e = r - m (due to signs on summer)

Block Diagram
of Control System Control

element

process
controller

measurement

et438a-1.ppt



Practical System

3-15 psi
pneumatic

Final control element

current to
pressure
converter

Signal
Conditioning Controller

Diff. Pressure
transducer

Setpoint

Valve

measurement

Flow
Controller

Diff. pres.



Controf System Performance

System signal change over time so

e(t)=r-c( t )

Where e(t) = error as a function of time
r = setpoint value
c(t) = control variable as a function of time

Control System Objectives

e(t) = 0 after changes or disturbances

stabfe c(t) after changes or disturbances

Stability
Steady-state regulation - e(t) = 0 or within

tolerances
Transient regulation how does system

perform under
change

6 et438a-1.ppt



Types of system response
uncontrolle
process

process
control
activated

Damped Response

instabil ity

r2

c(t)

r1

Change Setpoint



r2

c(t)

r1

Transient Responses

ovER s d ool '

Setpoint change

r1

c(t)

5e{11,'^ 1 
Trtt'e

Disturbance

et438a-1.ppt



Analog Measurement Error

Error determines accuracy

Methods of determing accuracy

Measured Value: Reading +- value
1 00 psi +- 2 psi

Percent of Ful l  Scale (FS): (FS Value) (%t100)
Meter accurate to +-5o/o of FS)
10 V scale

error = 10 V (+-Sotol1 00) -+-0.5V

Percentage of Span (Span = max-min)
(Span)(%t100)

P measurement +-3o/o of span
20-50 psi

error = (50-20)(+-3%1100) = *-0.9 psi

Percentage of Reading
reading of 2V +-2o/o
error - 2V (*-Z%1100) = -F- 0.04 V

9 et438a-1.ppt



c

System Accuracy
Cummufative Error

Sensor sensor amplifier

K - sensor gain G - amplifier gain
V - sensor output voltage,
AG, av, AK uncertainities in measurement

What is magnitude of AV?
,/ 

inPut

With no error:

With error V+-AV - (K*-AKXG+-AG)c

V+-lV

Multiple out and

=r AV +AG , AK_-- +
VGK

=* AG

v - (KXG)c
\

\
output

simplify to get

Where + AV = norm a6zed
V fractional uncertainity

+AK

K+-lK G+-AG

10 et438a-1.ppt
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Combining the errors

Use RMS (RSS)

Notes:

AG AK are fractional error.

I

=

rns

/ov\
\vl

R

Divide % to get

ultiply by

ultiplication

&
R '''

j o/, T ierc.nc€,

r th 2% a..c.rosY

TM,
'F;

r(.T
?. 3 % ,4rus
EF

GK
AV is fractional RMS error Mr
v 100 to get percent.

Works on all formulas that are only mt
and division.

Example: inverting OP AMP T = t[

A R+ - A R,i ..*JX s:ro,o.s 1: 
q,,n*, 

'
-Ra -R; - /sq ui" 

'(cc'd 
w I

41t. ;  =i&- =*o, o z
14'" too 

Bui =t\m6
t 1r" J 

^r,o
: * /Co os;e+(r"'s)

11 et438a-1.ppt -16. o Z3 oR +'
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Se nsor Ch a racte ri stics

Sensitivity - Change in output for change
in input. Equals slope in l inear device

Hysteresis - output different for increasing or
decreasing input

Resolution - Smallest measurement a sensor
can make.

Linearity - how close to a line is the llO
relationship

cm=m(c)+co

Where c = measured control variable
m = slope
Go = offset (y intercept)
G,n = sensor output

12 et438a-1.ppt



Example
Finding m and co from data points

Y Y1=m\x x l )  l r t=Y2-Y1
x2 x1

Sensor has a linear resistance change of 100 to 195
ohms, as temperature changes from 20 - 120 C.
Find the sensor l/O relationship

be{ '^e ' t { , . . t= ,xr  
r l , )  

= (zo t , ,  loosr)  X= 1r- ,prJ

(x,  y. , .  ( tzo"r , l9ssz) t= 
o ' ' - fP'- . i

S l"pe. ,,.\.- l?Sra - /oo ;i _ gS sr_
fr l :  lZoo(-  2, :oc 

= 
m= o.gs-n/r .

3 -  too.o- = o.9s f" . (x -  Z""c)

J= 
o.9sx o9s(2")  + lao i

Y=O.?sX+ 8t  - . / " t  y

Pl"-l *u cleq/- po,,.t-s 
" 

l .* /d b, e one_
I '''' e' '
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Sensor Response

First Order Response - ideal

c(t)

cf

Step change in

Practical sensor
c(t) b(t; =

measured variable

response
sensor response function

cf
srr P

TNCAtAsf
STf P

b Ec. ATAT,E

br = final value

bi = init ial value

no time delay

et438a-1.ppt



Modef ing 1st Order Respone
For step increase:

b(t)=bi .  (0,

z* (a -z)( ,- u*/" o"")

Ztz(r-e*/" 'o"o)

9oo/o o{ 4.oV = r ,d V

z(r - s %'*zs;

Where br = final sensor value
bi = initial sensor value
t = time
t = time constant of sensor

For step decrease

Example: Step increase
br-4.0V b,  -2.0V r=0.0025/s

Find time it takes for sensor to reach g0o/o of final value

o ,) 
( , ,

-T
b(t)=(0,  o+)."  r

t \-  
r )-e I

b{t1 =

b(t)=

b (-r) or
3.6= z +

3+3 = t - e 
*/o.aozs-

O.8-(  = -e-t l " .ooZs
_t/6.oo 

zf+o.Z:t€ i

l "Go,z)= l^(dt /" '^{
- / .eo9: - t /o.oozr

1.6o7(, : .ao2s) = 6

o.Qo4 S = t
4"4S: {  /nrs, , , .>
-F- il

15 et438a-1.ppt



Example: Step decrease

The sensor initial output is 1.0 V how long does it
take to change to 0 .2 V if the time constant of the
sensor is 0. 1/s. -t lr
bi = l .oV [4"o.oV ?"st /s b(+)=([ ' -b{)  

-- t/"' 

'btt)  "  o.Z O. Z'  I  e
In(o.r1 1 Llot

+/
-  l .c  o14 = -  ' /o '  I

/ . (o94G,i)  - .  t

,-.#r ! +"*
Significant Digits in measurement and
design

In meaurement: readable output of instruments
resolution of sensors and
transducers.

Calulation using meaurements: Trunicate calculator
answers to match significant digits of measurements
and readings,

16 et438a-1.ppt



Significant digit examples

compute power based on the following measured
values. Use correct number of significant digits.

|  = 3.25 A V - 117.8 V p = V(t)

3.25A 3 signif icantdigits
117.8 V 4 signif icantdigits

calculator 382.85 W

Trunciate to 3 significant digits p - 383 W

Significant digits not factor in design calculations
Device values assumed to have no uncertainity.

Compute the current flow through a resistor that has
a measured R of 1.234 ko and a voltage drop of
1.344 Vdc.

ft = 1.234 kA 4 significant digits
V - 1.344V 4 significant digits

l= (1.344)l(1 .234x 103) = 1.089 mA 4 digits

17 et438a-1.ppt



Basic Statistics

*=( l {

Where

Varidnce (

n
rr
)d i

/-J I

( i= 1)
n1

dr=l* i

o2 = variance of data

Standard Deviation

o = standard deviation

Arithmatic Mean ( Central tendency)
nr
n

Xi = i th data measurement
n = total number of measurents taken
x = mean value

Measure of data spread from mean)

'2
x) 2

O=

18 et438a-1.ppt



Statistics Example

A 1000 ohm resistor is measured
readings where taken

10 times the foflow

Test # Reading
1 1016
2 986
3 981
4 990
5 1001

D4 ,s'{

Test # Reading
6 1011
7 997
8 1Q44
I 991
10 966

x=
R=

d,=

dr t r

e-t =

Find the mear\ variance and standard deviation of the
tests What is the most fikely value for the resistor to
have?

tora+?8{+?gtr1)o+
l_. l " r r+))?+to44{

/o

?18.3 -- t>-

L

0o,a-r lea) d.=
3l3r z? dr=

f . t
T-- ' .  = 4es 3

/o- l

z
(9S<-) l r  s)

/st  3

( -= 1@ : \F6* :  ?t .6

Ar-t-  VAlufs Sr{or- t l }  Bf  Lr-rrrHI^J *36-.

I tLe, tT Lr. . {*q- f . .  (  , . f  So g?S,3Sr_

et438a-1.ppt19



ldeal OP AMP Characteristics

1.) inf ini te Z^
2.) Zout - 0 zero output impedance
3.) Bandwidth infinite Gain is constant for all

frequencies
4.) With Vo = 0, Vo - 0 (No offset voltage)
5.) Infinite voltage gain (&)
6.) Instant recovery from saturation
7.) l,n = 0 (due to infinite Z,n)

INVTRTING
TTRMINAL

NIN_INVTRT]NG
I t  RMI NAt

et438ala.ppt



1"

OPERATIONAL AM PLI FI ERS
(oP AMP)

VOLTAGE AMPLIFIER DESIGNED FOR USE IN
ANALOG COMPUTERS.

Symbol for basic OP AMP

Two Inputs V1 lnverting input
V, Non-inverting input

V,tO Vo.O
VrtO VotO

Requires bipolar power supplies

OP AMPS ARE DIRECT COUPLED (dc) AMPLIFIERS AND CAN
AMPLIFY dc & ac SIGNALS SIMULTANEOUSLY



Basic Amplifier Circuits

Inverting Voltage Amplifier

Vo Limited by *- V

Non-l nverting Voltage Amplifier
D
,  .1 

' . f

R,n = R,n of OP AMP
Au has minimum value of 1

Av --
-Rf

R,n

v-'[+)

Large Au causes Vo = V (saturation)

n"* 
[ r  

+

%-u[,

Rr')
R'i

+ R')
R,n /

et438al a.ppt



Other useful OP AMP circuits

lmpedance buffers (Voltage follower)
Used where high Z,n needed

Vi

t l
-V

Ztn

Characteristics

Practical Circuit (LM7 41)
Au= 1
Z,n= 1MW
Zo= 1o w

Circuit causes minimum loading on

t" -l
zo

ldeal
&= 1

Z,n = infinite
Zo= 0

previous stage

et438al a.ppt



Example: Buffered voltage divider circuit

Voltage divider formula only
valid for infinite load resistance

Find Vo under load Sk,.N' LoAb v. vo=ff i(rzv)

5k = Rr-  W rrH LoA\ v= { .vdl

RLl lSkn- = Sksr- l l  SL.n "  i ,s  ksz-

f f i (rzv) =2.Av

AstucrnE LFnY4 I Ri= | rncr-

! r
6

AV: l  So V=V Ro= losr
InC

Q, t tskn" lMs. l lsKrtR", =
+_ Rd

vo

D I rnu (s ko)
\e^-  --L 

lfnsr t Slsl-

{ 9?Ss1

" 1? ?ssr

3.?s ? v( rzv) =

V,n =

fok s.- t (g 7Sn

!  = 3.98?V

Add impedance buffer
+12 Vdc

u*r
Q,i

5k = Rr-

V; :'

et438ala.ppt



Electronic Adding and Subtracting
InvertingSumming Amplif ier

R1 ldeal
circuit

I

-

J

Using Su

Gain v.,
-Rf

R3

-Rf Gain v.
R2

perposition

-Rf

R1

-

Gain v,

*u,  *  5)
R2 R./

m of v1, v2, and v,

R1

Total output vo : -Rrt 
#

Output is inverted su

lmproved circuit 
Vt

(non-ideal OP AMP) ,
bias compensation R 

v?

R"= R, ll R2 ll R. l l R,

et438a1a.ppt



Non-inverting Summing Amp

Rr=Rz=Rs

vo

. . .  Rn

1k
vo

Rp

\

I
I

3V^: ( ,*&) (v,+v,+v
" \  R/\  3

any number, f l ,  inputs.

,  R,)(u,  tvz+.. . . .*vn
- R/(.. n

For

= 
(' '

Assuming R,,=Rz=R3=

xample. n=3, Rr = Rz = Rs=56k Rr = 9k ft =

r = 0.5 Vdc Vz= 0.37 Vdc Vs = 0.8 Vdc Find

Vo:( ' '  . t - ) (* .  
)

Vo = ( ,*+)[os+osz+oa\
\  1kl \  3 )-u 'u667

vt

v?

v3

E
V

et438a1a.ppt



Inverting Arnp
Rf.

Exarnples
10k

Find V" with
vin -- 2 Vdc

g
-p. ,

V= z+v, r tA

V.- ldk*r ,Vo' 
ffu' --)v=-ZVi V= -Lev)= 

+/-ef R{= sksz, {,,.d A, lV V; -- LVdq

Av.+!= -:f* =
Kr,., S kua F flo|Cowe R

V;= ZVJ. V= ArV;"-/(z)= -+{. t ls
L"-l Rr= tr,s ksz tTnd Av 4 V Vi,= z-vl.

n =:& 2'Sksc _4a Pedcrces^*v- ?; 
= 

#= 
-o's- rruPxr VcarAGr

V= AuVr= -o.s(zvd")--  - lVdc
ottrp."T snnArl lR r i lxru m,

Lt ks b,yrJ,nq t / ,  ,  >

et43gal a.ppt 7
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Non-lnverting Amp Examples
Rp 1 00k

Rt

Find V" and
A" Given values of R
and v, = -1 Vdc

vr

I
V= V( '*
V. -r( : ) AJo S tq N

CH A ̂ ' rGr

f

z - 3 Vdc ,4,rus
€F

Ar=(r-*)  = ( ' * '#)=+ es
AJorE: Qin o { o P A rnF lS oO A t\P (, ILL A/ol"

Resu-cE oLLrtrut  oF PeEV'ous STACI

Vi rQ,se* to L Vdc, tu kol ts % |

%= AvV; = 3(6)= tB vdc

c A ru ,r H ,q ppa AJ ,l A nP S Arq€ArA:s AT r 3- ls ydc

Po-* ,- S,^Pt | 5 L' t"' '+e'd
A c =,Jtolt d 's{o,-4ed ('" nein1)

et438al a.ppt



Summing Amplif ier Example

& 25k

V=-R{(t-*-+,)= #', --#Vrt 
-fu,

Vo= - I*"-ezv)+ 
+*G,u) |  {H(o-rv)

V' 1( zv)+ -6 ' (a7(o-rv)  + - io(o ' rv)
,sf .  t '  '  t \

Y' -c.B -  o.6ac? + t ,o vJ6 = O.4 667 Vdc
o

A PPL lC ATiorJS

A, , 4. A3 PorEruTrorrr"I-[ Rs C RTATES
A ub to Pn txER

WFI Enl  Rr '€e=Rr \ t 'AvrB46A of Vl  ,V.V3

vt

v?

Find Vo Given
v1 = 0.2 Vdc
v2= 0.1 Vdc
v3 = -0.1 Vdc

v3

et438ala.ppt



Averaging the Output of 3
Temperature Sensors

LM34 - temperature sensors. Gain = 10 mV/F
Tr=50F Tz=45F Ts=50F

and -5.  Find thethe temperature using a gain of -1
R, and V" for each value of Gain

E&AGE R, 'Rr= R3= So lsz

:  -  R.(9 n V,. 
--*")

' \ tP,  
tz" '  8B l

( ,= R..  R,
,  n / \ " \ . ,JI- \v"= **+[ 

E *,ai 
---*i J

\

Average
value of

To Av
V̂

u

Struqg

LM34 q 5ok

et438al a.ppt l0



AveragingExampfe continued

f ̂  P,.^ts r)

Y= t-F (V, *V,*V:n

n ,  R, IaIL=^t+ iRr= +l
.  

-E-e^l- i* ' " t '  -  l= l

{oAa-^Y (arnValqe AV -n&=4,,g>\  n i= Av-

{.* n

-]on o.  qo-rn o$ - l  f i^d Re. lo,{ronsl" ,p t***eeyl
Q, 4,.,1 ' R6 -r-*a

Y= +(v, +V.+ V*) {"" 3 rn puil5

n A, (r
K6'

f ,  nd R6a^J Vo Au=-l

Tf S"t  Vf  /0rnvlF(r , )= /ontV/r(so'o)=1iV

T - <s"r= V: /a ̂V lrG) = lo ̂V frfrr"r) 
= o'.ot,V

-T.: <.oo l-- V*' io rn u 
l, (l) = /d *u lf (<o'F) =, o,4-o V.

R,-solecr R{= 4& - t(sjk*,\ = t6 6z}.2 {es
/ )  n -= 

-=-f l

V"' 
€f Avrea6e : o s + o'4s *-o'1 =Q 4s

net438a I a.ppt
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Averaging Exampfe continued

Part 2 Find R, and Vo for Au _- _b

Frn J Vol , rg O{ I  {
p:  AvR'
t \  a{n / " r  :3 8, .SoLsr Au,S

; r r ' ' \Q4= = (f9l"l : 8s. :a ksa- Arus
5 

-4r-t l r - \- .S(V, 
*V, +V,\--Br E: l lz(o s + o.<5 f  oq/

R, \" '  L t )  s. l .R- \ - -

t  ,c 6?( r  ,3SV\ ' -L3* n yt-ry :;:-"
,n l  r
u hec( 5 /o,S+O,<S+o,q\= ? -  ' |  )

r  # )= ( .ZS Ckecks
\ -3 l=--

N rr{', R6 rs A { N - 51t"'' d *--d Va{ t',cg

use closesl sta ^d 
*d va lr'r'q e " d s€rt e S

Po"teni l o cn e{ gt- 1l"enr Crtl ' 
}" rol e

Fn**'l )cq-t Qr
-e) r,r.r SkSl-

Vo'

V=a

et438ala.ppt t2



Scal ing Linear Transducer Outputs

x= transducer input
(measu red value)

Vr = transducer output
voltage

Kr = transducer gain
(slope)

= scdler gain
= scel ler output

= lT€lX. value - min. value

output span So
input span Si

Case 1: no offset in transducer or scaler characteristics

Transducer gain formula: Vr = Krx

Required scaler gain:

Kr=
desired span Sd

transducer span Sr

scaler output formula

vs -  K" .K,  .x

vs -  Kr.vr

KS

VS

et438-2a.ppt



Block Diagram Case 1: mult iply by constant

Transducer scaler

XVTVS

- l  ' ' l  I  t ts

t l
input

Vr = Krx outPut V, = KrV,

Example: Pressure transducer: P (x) range 0 - 50 pisg
V (Vr) range 0 - 1.25 Vdc

Desired output range: O -  10 Vdc
Find transducer gain, gain required to scale tranSdricer to
new range and draw the block diagram with calculated values
shown.

Find K, Kr = output span _ So Kr =
input span Si

1.25-0V = 0.025 V/psig
50 - 0 psig

Find scaler gain vl \s  -

K"=

desired span : So
transducer span Sr

10-0v = 8 V/V
1.25-0V

et438-2a.ppt



_vr _
Case 2: Transducer with

correct
form of

Block diagram

Transducer

scaleroutput # V -K,Krx

scaler equation -> V - KrV, - Krb

offset - Output with no offset

b = transducer offset

Transducer gain formula:
Vr=Ktx+b

Scaler gain formula
Must subtract offset

V -K,(K'X*b)-K,b

V - KrKrX*Krb-Krb

Scaler

b

* 
-@u'n 

vs

input l l 
->

output
V, = KrVt-KrbVr= Ktx+b

et438-2a.ppt



Example: offset transducer output transducer range

Temperature transducer Temp range 0 - 100 C (x)
output 1-5Vdc(Vr)

Desired output: 0 - 10 Vdc
Find K, and b for transducer. Also find K, to get desired
output. Also draw the block diagram and insert gains
and formulas

FindK, K_-outputspan_So K__ 5-1V
t= inputspan Si ' l t= 100 -  oC 

:0 '04V/c

Find b f rom point  s lope form of l ine V, -Vrr  = Kr(x-  x. , )

V, - 1 - 0.04(x- 0)
Vr :0.04x+1 so b = 1

Find scaler gain K^ - desired span - so
a a----^^^t-  -  Atransducer span Sr

!  = ' -o -9.Y -+ -  2.sv/v= K"
sr 5-1V 4

v -KrVr-K,b
\/ = 2.5Vr -2.5(1)

scaler formula V, - 2.5Vr - 2.5

4 et438-2a.ppt



Example:  Case 2 cont inued

Block Diagram

Transducer Scaler

*,FV,
input l I

output
Vr= 0.04x+1 Vs=2.5Vr-2.5

Case 3: Transducer with nooffset, Output offset

c = sc€ller offset can be
value

Transducer gain formula:
Vr = Krx

Scaler formula must
add a constant

Vs-KrVr+c

desired span _ Sd
-c

K"

To f ind c,

Vt - Vrl

transd ucer span Sr

use point slope form

-  K"(V, -  Vr1)

et438-2a.ppt



Case 3: Example: Pressure transducer
range 0 - 25 psig (x)

0-1V(Vr)
Desired range (-5 V to 5 Vdc) Find transducer gain
and scaler gain formula. Draw the block diagram of the
system

Find K, K- -  output span -  !  K,  = ==t-9 
u 

,  :0.04 v/psigr  -  
input span Si  

.  - '  25 -  0 Psig

FindK, K,:ff i :+

I : u;(;u],u : ry : 1o v/ v= K,
q 1-0v 1

Use point-slope form of l ine to find the value of c

V, -Vrr:K,(V, -Vr,|) (Vr1,Vr1): (1, 5) f;ji:ffiiffi?:l$"

v,-5-1o(Vr-1)
V, - 10Vt - 5 scaler gain formula

G = -5 in this case
Block Diagram

Transducer Scaler

XVTVS

, :input I

6 er43'-2a.ppt 
Vr= 0'o4x output 

v, = l ovT-s



Example 1

Range of l inear temperature transducer is 32 - 212 F
with a transducer gain of 10 mV/F. The desired output
of the transducer for the range of temperature is
0 - 10 Vdc. Find the gain formula.

K.=o.ol  v l f  Frpb S'AN

ST

\ r "
- l o

d.= rReJ

jr
ST

/ov

J. lz

o-32

r
l t ,

at 3zol : -  Vt= o.3zv

V"= S. Se (c :z) - i. tig

ct t  z lzoF Vr= R.tzv

V.'s sa(a rz)-  r .  ?19

BlucL Dl*(co-rv1

\= V' , . . -  Vr,  =.?.rL-o.3zv

:  / ,8 V

Kr.

Cnss 2 ScAtrnJG

V.- K, v- --

2tz"r

Sf crn

/o v
t€v:

S,= /rr-
"d rv

\ . \  G

t)us1 8e rn,,vC OfFsi-f

K=[ Ft ,"o[  { - , r" , - ,G*pA t .o.zzV
Vr' s se Vr - s. 't6(o t4 Vlv

\( = s"s6 vT- t.'t 'tg v lv ckeqk

iOV

C Lecks
:  /o.olV

Ar \ -  SzF V,= o.orv/r .  (ezn)=o.32 V
Ar q. zrz-f V.;o o t vf r (znr)= 2,t lv
DucrPc"T AT 3Z"F Sca le"d to 0 V

oV= lav Yt= KrT + 'b

et438-2a.pp,



Example 2

Linear temperature transducer
Range: -20 C to 50 C Kr = 20 mV/C
Desiredrange: 0-5Vdc.
Transducer output voltage is bipolar (+-)

Vr at - 2o oc Vr,' 20 nnv lr? zof ) . -o4v

V r o-t 5 o oc 
Vr; /o nnV /t (so.C) = / ,o V

\cnt-eRf oenn[LA V." ( Vr - K. 6 F'nd b G ""pl^,c* l l1

VT K." +=ffi=3S?t ' l '
t ' -o,4V {". ,- ,  Pl"+

V. .  3.  srrVr-  s,  S?,(-o 'q)

\  = s.s?r V, *  t . {ZY v lv

Cl^ecL Vt. - o,< V of - zoo c

V."  a,s? r(u.<u) + t ,429 t  o V
lV a-* ScoC

3.s?r(r)  r  l ' {19 :  S-oV

i '
-0,{V

Sb" T

Vr=
vo

3. S? tv,  t  1.1o,orv/c

et438-2a.ppt



Practical Realization of gain formula
Use OP AMP circuits

vs

SLNSUI<

For transducers with offset use invert ing summation amps

vb S Second OP AMP changes sign if Rrl = R,n Av = -1

overall gain

-Fv,+Fu,
Rr'Ro

scaling without offset:
use invert ing or non-invert ing
amps to implement K,

For invert ing

K^ - 
-Rr

- R'n

stage 1

v - +V, +f", vs - (+V, ++v,)r-rr
Gain formula with offset

ff",Rf

RT

et438a2a.ppt
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Example: Design an
impfement the scafer

Assume Rr' = Rin =

V,-3.5718+1.429

OP AMP circuit that wil l
equation from Examp le 2

1oo kr: Rr = 470 kO

scafer relationship for Examp le 2
vb

470 ko
Rf

R,.| 100 ko
VT

Kr= fr

/o l< s,

K*t= Rt,' -so- 
Ri  V,

Ett

100 ko

Ks'3,  s? r  R6 = {?oksr =

SoLvE ro(, Rr R, , ft" 
€, " *F . /3 r.arkrc

f:S- Qa &sc slo,-'J*"/ vo/r^q t ' 
po*e^llorrre*en

I l-7957 ;=-"**-rn^,# * t*  Ccr{ , ("* le * iA V=*04a,rd / ,oV
krL= l . {29

Assu t* t i  Vl  =

t  <27 = #(a) + / ,T.?_ ^ Sf
KbL";

c, | (4S R[" {?oArt  **ry

S tmp ls Cas e tha k,,-
10 et438a2a.ppr

R{ to Arub Qtto

J.rv rntr5*f ,g /a

P6' gtokst so

#339:6Sv Eo&-r.o,7 rys - :---
E"*

=*/  Eo V.= k. [

(6 '

Rc_F;



Models of Components

Types of components in controls systems

electrical
mechanical
liquid flow
gas flow
thermal

Behavior of systems defined by characteristics
Example: electrical

resistance voltage
capacitance current
inductance charge
delay

Resistance - amount of potential required to produce a
unit current.

Capacitance - amount of charge required to make a unit
change in potential.

Inductance - amount of potential required to make a unit
change in rate of flow (current).

Delay (Dead-time) - time interval between signal
appearing on input and response
appearing on output.

et38a-3r.  mcd



Defining Equations
Resistance Static resistance (linear)

R=e
i

Dynamic Resistance (non-linear) Depends on the
values of e and i.

R=Ae=d"
Ai di

Can estimate dynamic R with slope of tangent line at
operating point.

Ae e2 -  e1
R=-= .  . - -

Ai t2_ t1

Capacitance

t^ Aq I is rate of change of flow
\ - r=-

ae Columb/sec = Amp

c.Ae = Aq c.A" = AQ = i
At At

i = C 
q9 

Definition of capacitance
dt

Inductance

e = L. 
ai = L.di Potential required to
At dt make change in flow

et38a3r.mcd 2



,?""X'"lT:i:1,?,:;ffi",lf,Sj,ff :,"n.ytransmission

'o=*p
Where: D=distance(m)

Vp = vefocity of propagaiion (m/s)

Ai

Ai =

= i2

0.004
Av

Ai

25 ohm

i1
R]:

R

ff; ff ['rJ,9J][""1' re s is ta n ce vo rt-a m p ch a ra cte ri stic.

FindRat6Voperat ion

r- Av

Ai

i1:  o.s i2: :  o.so4

v 1 : :  5.9S v 2 := 6.05

Av ::

AV --

v2-v1

0.1

et38alr.mcd



Example. Sine voltage across a capacitor. What is the
current?

e(t)  = V ma*.s in(ro. t )

i ( t )=c-du=c.d v-- .
dt 

U'- V max' sin ( rr l ' t  )  = C'V ,r* '  rr l '  cos ( r, l '  t  )

90 degree lead between current and voltage

Example: Current pulse of 0.1 sec and amplitude of 0.1
mA applied to a capacitor produces a rise in voltage from
0 to 25 V. What is the capacitance?

i=C-Ae solveforc i .4=c
At Ae

i ,= 0.1 '10-3'amp e1 := O'vol t  e2 = 25'vol t

t1 -  0 'sec t2 - .1.sec

Ae = e2- e1

Ae = 25.volt

c = i .At
Ae

At - t2 t1

At -  0.1.sec

C - 4-rc-7 . farad

et38a-Jr.mcd 4
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Example: voltage pulse of amplitude 5 with a duration of
0.02 sec is applied across an inductor. This causes a
current increase from 1 amp to 2.1 amp. Find L.

e = L.4 Solve for inductance
At

L=".4
Ai

e := 5' voltt  1 := 0 'sec

,1 = 1.amp

At , - -  t2 -  t  1

At -  0.02.sec

0.02.sec

2.1 .  amp

'z  
i1

1.1 .amp

t2

a2

Ai

Ai

L :  
" .otAi

Example. Electrical delays

D

H

H

L- 0.091 .henry (V-s/A)

Transmission l ines

D
tr=-

'  up

vp = velocity of propagation
typical values between
2-3 x108 m/s

oupr"rt
(t-td)

inryt
(t)

et38a{ r.mcd



a.) Find the delay of a 600 m transmission l ine with
vp = 2'3x108 m/s

b.) Find the delay of a satellite transmission with a path
length of 2000 km and a velocity of propagation of
3x108 m/s.

a.)

D = 600.m up = 2.3-1 08
sec

t6 :  D
up td=2'609'10-6'sec

ta =2.609 pS Ans

b') 
convert km to m

2000. km. 1 000
km

r  2.  106.m
r .d :  

F
3. 1 0 ' .  sec

td =6.667'103
sec

et38a-,Jr.mcd 6
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Liquid Flow Characteristics

Flow = volume of l iquid/unit t ime
(e.g. gal lons/minute)

Potential = pressure

Liquid flow resistance - depends on the type of flow

Types of l iquid flow

Laminar - low velocity flows. Stream lines are
paral lel.  Liquid f lows in layers.
Linear flow resistance

turbulent - relatively high velocity flow.
non-linear flow resistance

Flow type determined by the Reynold's Number

R = P'v 'd
p

Where p = density of the fluid (kg/m3)
v = average velocity of the fluid (m/s)
d = diameter of pipe (m)
p = absolute viscosity of fluid (Pa-s)

Note:  Reynold 's number is dimensionless

Laminar flow . R<2000
Turbulent flow: R>4000
Transition flow: 2000< R< 4000

et38a-$r.mcd 7



Average velocity of l iquid

Laminar Flow

Where:

o
V=

A

Where:

fl = area of pipe (m2)
O - flow (m3/s)

Velocity distribution

Since pipe diameter is usually given

4.Q
V=

n'd2

O - flow (m3/s)
d = pipe diameter (m)

Laminar Flow Equations for Round Pipes

p=Rg.e (pa)

R L=
128'p ' l

(Pa-s/m3)
n'd4

et38a-$ r.mcd



Where: p = pr€ssure drop (Pascals)
Rr = laminar flow resistance

O - flow (ms/s)
| = length of pipe (m)
F = sbsolute viscosity (Pa-s)
d = pipe diameter (m)

Turbulent flow Equations for Round Pipes

p=Kt.e2 pa

R t  = 2-K t .Q Pa-s/m3

K + = I P f -l
'  

n2-d5

Where . f= friction factor (see table 3.3 p. 80 text)
|  = length (m)
d = pipe diameter (m)
p = density of l iquid (kg/m3)
Rt = turbulent flow resistance (Pa-s/m3)

p = pressure (Pa)
O - flow (m3/s)

et38a-Qr.mcd 9



Liquid Flow Capacitance - increase in volume of l iquid
required to make unit increase in pressure

ra Av
r\r  L= 

op

Where: Cr = c?Pacitance (m3/Pa)

AV = volume change (m3)
Ap = pressure change (Pa)

Pressure relationship

Ap = p.g.AH

where: p = density of f luid
g = acceleration due to gravity
H - height of l iquid in tank

Derive relationship

^H=+ 
Ap=p s +AA

AAVAVAt- 1=; =E AP 
pgY P'g 

\" '

A

et38a-Jr.mcd 10



Liquid Ffow Inertance (f nductance)

Amount of pressure drop required to increase frow rateby 1 uniUsecond

Where:

'o=3

l ,  = P
L 

/AO\

\^ /

fr = inertance (Pal(ms/s2)
p = pressure drop (pa)
AQ/AI = change in flow

Inertance defined using physical parameter

,1-=# (pal(msts2)

Where A - area of pipe
p = density of l iquid
| = length of pipe

Dead-time Defay of Liquid - time required to transport
fiquid from one point to another

v=average vefocity of fluid (m/s)
D - distance traveled (m)

et38a-Jr.mcd 11



Example 1: Oil  at a temperature of
horizontal, 1 cm diameter tube with
L/min.  Tube length is 10 m. Find:

Reynold's Number
Flow resistance
Pressure drop in tube

15 C f lows in a
a flow rate of 9.42

d= lcn";  o.olrn

p : :  0.1 60. Pa. sec

P.--S /^.) (r , Szx lo 4 
^% )

d r.',S
€

From Appendix A in text

p=8809
rJ

to rv VERT A ut* [rr,r rT s T 0 'SJ Ll' N rTs

Q =(q.az Ll* ,*)( t . ra L1 xrIs1.s/ . \ / t - /* ; i
( i  = I  s?Vro4nn3/s

Avc-Veloqrrv !" :g . 3-(l:-I1' ' I4I = / oo 
^isn J z Tf (o .o l-\ t 

i---+----7
R"I^olJ ! c R= 5yd- = (eaqkl: l)gd:lGgt =/,ol-rs(,r".
,a A ( o, iao P".'s) L:--:---)

K < Zout f-A-iy$ J_gy Lrr,r54 q 0 r.lrlrlo^JsH rp Eerr^,frAi

FLow AN\ Patss t-tR 6 
r- -_--*=:-

n fr  r - rK, -- t3i: 1.-- =,.{}f: p":)(1d = l-9S_,_?_a91A. VdL

T d1 T (o.o t ' r14

P"'ssra.-€ t"" ,3= 
g.Q= (e 

' /gYioq
\P:1a: l txr"c 111.--.-.-.{"

C on v<^.{ 1o Fsr
P

CowveCsroq l^
6ppond ix

A r,.x
JS

ANS

et38a-Jr.mcd 12
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Example 2: water at 1s c ftows through a commercial
steel pipe with a diameter of 0.4 inch with a flow rate of
6 gal/min. The l ine is 50 ft  long. Find:

Reynold's Number
Resistance to flow
Pressure drop in pipe

l=eorvf  APPINbTX A Lrer-r  r \  De,, . . :s rr? Arvb Vrscos rTy

pr*fooo kf  I -3 a.1 :o,coi  Po--s
JV

Conve"* t*^gl ,* l^  L,r-r . . , r ts tc Sr Ltpr- iLs

d -  (0.q,")  (o.oZs4 
- / , " \  

:  f l '  a io t  L rv. ,

Q = (61.{  /^ ,")(6. :oBsxros 
rn3/s/3e^) -3 '?Bs3xto(^3/s

/  = (so(*)(o,3o1V 
^/G) 

= lS-L4o nn

F,^d 4vero 1e V e rocr-t \ lt= l-a,- = 1! .?ts lIP-Tt)
J v- nJt  T(oogor6rn)a

R-- ru J
r\.<-

R = 1?,{1o
Hd

V=q'6e9" ' . /s
= l,a*l^') (1:: ct nis)(o, or o

o , a. r-F;l-n
K > 4ooo

{rLoW {s TuRRut-[ruT- rvr t tsT ( , tsa fRrcr)oNt Fztc i*ue 7l(Rr-d ]a l
p-1n,r l '  REsr5TA^JCt A'rb PrqFssut]-E bQoP

P= KrQt R1 .Zkro

F, ̂ r J { f^u- To[l e 3 .3 p8o
Co .^,rnef rcc*) Sf ee t p rpe d ro ".,,e { qr l- 2 crn

K+'ftS

( ke'{ v*ee n

{ Vo.lu cs 6 &.

Rot /o) ooc Rt < /do, ooo

et38a-lr.mcd 13
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LA

s
) 00o

Example 2 (cont.)

W\ur,s-T (tsE LtuEAR ;n,rTe APouA.t)onJ fottrnr

Ts [ rdb {  {or- '  K=4^t f46

{ - {** ({r'qls:Sa]
' LRu- r<" l

f r.'.^sl [e ["{w€9n 
\ " 

.
{ .  o.nJ {b {= o o3s * (oozt-oo,$/J l

I loo

f  .o o3s+(-o,oo2)f ta i

f  = o-o3Zo 9 
/  \T-/

l
'j

lo,g)o

/6)  0ro

No.^r { ' "  d

f ,^J Rt

K1
K1'

Kg'
r l  -  to,OtO,6^)S

3.6614X rorz Po-r  ln6

(-= Z krQ " Z (s, a6 r< x rorz P."- s/rna)G f osaxlu{n^/s )

conovlR] Td ErucLls) \  utNrTs

P= K*f
P = ( i .Lar4xrore P.-s/^.)( : ,Zes:x/s (  

^, / , ) '
P= S'246xroS lco.-

Co nrvE RT TO Enl CLt s N ucnt rTS

P , (s L<Lx los P*) (t '+s Y to ( es r/ ec) :

R* '  2,n? 19x)09 Po"-s

(e tt r e x roe P..-s /-t)(l ,5ox ro e) = 
f:_:_1 - it.4?

, /  {  "o^1 
append rx

ANs
F

76,o7 pt  t

drus<
et38a-Jr.mcd 14



Example 4: A tank has a diameter of 1.83 meters and a
height of 10 ft. Determine the capacitance of the tank
when it  holds: a.) water b.) oi l  c.) kerosene d.) gasoline

cr= 
{il;;';*m;,/.J 1T il^;{'Al

e ) f : Bod t ln.. cL= -s;"tJ 
iltii *., ^"/_1 

=|: rs-r,o f ̂ 7,0. i

c,) cc= ft
f  

= /ooo K3 l*3

t"\
f  'B$' ;  k: i . -

-Tr.  f  ? -rn/ra- r ,?

A -- U--t , tr Q63 ̂)- _
qJ

' \  / ' :  e
o -  

c{ ' (=5t"n

-/ 
."--**--'. 5\  

/ooo /<31^r ) ,9/  m /sz

f  
' /oo, . rkr /^ '  A,

f = c,.S r'-i A.,

.?. ce rn L

: ;-- -*:T-:;t
o1, Cfl X t o r", t/p"" 

\: .  "  .  |  
_ |

dyf"
l

_2
2.L 3 r ' t *

-"-  /
l4a kq / ' ' ,1 { ? Ft n^ /sz\'Jr  I  t ' /

Example 5: Determine the inertance of water in a pipe
with a diameter of 2.1 cm and a length of 65 meters.

rt,

/  |  r  z\ , /  \

_ ( l  ooo 1.1 I 
- '  

)(  as 
-)l , '  :_-----r \ -_---- l - ) -  

t
L . . , .46x. t r {4r,z

-7L: IBBvio8 P^|(- ld*)

lTJ"

4

r.-(,o,9zd:
,{

A.316x t64mz

fr_
A

ANS
5

et38a-?r.mcd 15



Thermal Elements
Thermal Conduction and Convection

Thermal Resistance - opposition to heat flow. Heat flows
from high temperature to low temperature

C)=
To -  Ti

Watts
RT

wo.IL
rro-teni<t ls

I

T-'t

o u,r t  s ic i  e in=ic ie f i l r - r
ro.yer-f i lm lo.yer-

Ru = unit thermalresistance

Rr=+ Kru/A - area of
surface o--( ro r i )  A

Ru

on type of fluid,
makes thin f i lm.

Watts

Resistance of fi lm layers depends
velocity of fluid. High velocity flow
Convection cooling. "Wind Chil l" .

et38a-!r.mcd 16
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Film Conductance h = 1 
Called fi lm coefficient

R fit*

Film coefficients: Natural Convection In Air

a). Horizontal surface facing up

h = 2.5 'T d ' 'U

To = temperature difference between wall and fluid

a). Horizontal surface facing down

h=1.32'Td' 'U

a). vertical surfaces

h=1.78'Td' 'u

Natural convection in stil l water

n=2.26-( t*  *  34.3) Tou

T* = water temperature

et38a-Jr'.mcd 17



Forced convection-air against smooth surfaces and
inside pipes

' . , r . tmv ai f  :  a l .O'-
S

mvair>OU;

h = 4.54 + 4.1 .v 
air

h=T.TS.v 
" i ro.75

Using the naturaf convection in air formulas

equot ion i t

Att  s ic ies
uise equo t ion
C

equo t ion
b

Thermal resistance of inner solid layers given by

Rui =; K-m2/W

Where:
ki

Xi = thickness of i-th material
= thermal conuctivity of material

(see appendix in text)
18

I
I
I
I
I

)-

et38a-3r.mcd



Unit resistance of a composite wall  is the sum of inside
and outside fi lm resistances and the resistances
comprising the wall .

Series resistance analogy
Temperature analogous to voltages

4 / l- t  I /n x/k I /1, ,
ocr l i

__{]

1 x1 x2 xn 1
R,,= '  + r  r . . . .  + *  '  K-m2lWL'  ho k1 k2 kn hi

/ \. r I1 x1 x2 xn 1\  Kl /Rr= ' ' l -  + + r-  r  
r !  

*  '  l
'A\ho k1 k2 kn hi /

\ /

Thermal Capacitance - increase in heat required to make
a unit change in temperature (Sl unit J/K)

Heat Capacity (specific heat\ - heat required to raise
temperature of 1 kg of material by 1 K.

C T= f f l 'S T

Where: Cr = thermal caPacitance
m = mass (kg)
Sr = heat capacity (J/kg)

et38a -?r.mcd 19



Example 1: A wall section shown below has 2 layers:
steel 1 cm thick, and insulation 2 cm thick. stil l Water at
45 C is inside the wall. The temperature difference
between the water and the inner wall is estimated to be
10 c- The outer wall  is surrounded by air at a
temperature of 85 c that has a vefocity of 6 m/s. The
waff dimensions are 2 m x 3 m. Determine the unit
thermal resistance, the total thermal resistance, the total
heat flow, the direction of heat flow.

F, ., d l(, ct ', J Kz { ..,",'.

App'e^qlrr  A

steel  R, = nS w f  n,  'R
l ' ' i : i ,^ [o*,o"r  Ka. o.o3G W/*- ,<

.> '  t {= Zrnx3rn = ( 'ora

Jn: r <J <z {. I n", Co € ({, c, *n-, -l

l r i l  lJ . - ' , " : , i t l - .p

i i i i l r '?:  
- - -  ' '3  \ \ - i r -s i i ; , re 

f i r .  I r . i '  l .  . :d. , (ar ,+l ' " f  t )T"
<Jl t t r r  luy?t 

l { . )yt- , r . -T;= 4sC Ja=/oq.
' -  

r / '  'r )u. t r , , le { i  t -  coe{{ ,cr*ni  h^.  z.zc(t l  3{  3)  = gSgz*/*r-o

, /

- -  wr: t t
n( i - [Pr- i ( i l : : t

(  r  r ' r-  { l  ^.d 
Co rrv €-c-$, "6

Vo,"=6rn/s >4.L.^/s 
n,z_

Ltse ho, ? 75 uo,1t .  .  7,?f  (6 
- / - )" ' "= ig.rr  

- /* . -g

X f  
= O. o |  /h K*= O, Oot)  GS + O, ooo LZ1_{ O,.S f  5G +d, o33CSC

d-,--o.oLrvr iR*=oSgiJ [ ' - t&l  8$
n D .oserz__K_rlJ_v!_Io.agsCtK/wlty:
k- = 

' : "  .  G *a L: ' - -  - - - - - : -  ' - - ' - :' A \e rYr - 
I^ _ -I-o Cri s._ 45) C

!  r  i ' r  
' . ' - r  -  *

et3sak.mcd 20 f . - {cot  t tow v Rr o.o)e 51 K/w

1Y oTC. : A T Lt ru rTs C oQ K 1-leo &K

-t "'{ 
t

1trc.- t l

, l4o 6 \Ar {

--=



Example 2: Determine the thermal resistance for each of
the following fi lm conditions: a.) Natural convection in
sti l l  air of surface To = 20 C. b.) Natural
convection in still water where To = 30 C and T* is 20 C
c.) Forced convection in air with velocity of 4 mls.

a,)  N".{r- l  Co^ug"1,) ,oA t t i "  Crr  Ven{rc-c^l  S"Gcq-

I  = zoc f .  / ,?aL'  
t :  

r  ?B(zfo 
Lr

h= 3 ra<1 w/^.-<
|  

* : -* l  
n . ,^

Ru. f . ,o Zc6 *-.7d+I

i . r l r

k )  
Nq.t t , t r " . i  cor\veq{1a"r*r

Td= 3o l -= Zo C

{h Sf r  l l  Lr . ' l , r " i ,e r

h . z.ze(r*+ 3{ ,)lr." t

h,
f"., .

h=

R.

L,Lu( z o + 34 ,r)  ( :  , )o '  
t

Z Za (sq 3) G o)o't
Q\L.L \u/  rv" ' .  H

I
h(^-

:  O. Oo t{9
I

K-'Yw ! n nrt
l_s_

-  __._,__{ 1

C) Fonc<-d Cu^.," . - t )oyr Air  Vo,"S <t  '6^ l t

Vo,,- t  4 "^/s
h=4 S4 r{ , lva,"

h . "t,s{ r -{, t (q) ' ' Zo.?q r^-,/,,"1C

C - *t/w A\rs
:*
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Mechanical Elements

Mechanical resistance = friction
Opposition to motion. Force required to increase
velocity.

Viscous friction - friction of motion. Related to velocity
Coulomb friction - force independent of velocity

Example of viscous friction - shock absorber, dash pot

l inear p -o-F N-s/m
viscousfr ict ion 

Rm=B=u

Non-linear viscous friction B = AF

Av
g=9F

dt

At g point use tangent line to find approx. B

Mechanical Capacitance - change in
length of spring required to make unit
increase in force. Inverse spring
constant

(\ 1 N/m
" t=K

Mechanical inertia (mass) - force
required to make unit increase in
acceleration

-Avtrave-m'^
At

dv
F=m.-

dt

et38a-3r.mcd



Mechanical Dead-time - time required
material from one place to another

to transport

D
d=;

Where D - distance
v = velocity of material

Example 1 : A mechanical system consists of a sl iding
load and a shock absorber. The force versus velocity
curve is shown below

Test data

Run F(N) v(m/s)F
o
(-
(-
e

a
b

7.1
9.6

10.5
15.75

Determine R, and
coulomb friction

A(:

t rsE F= F.*;" ; ' 'c_ 'Y

F- F, .  S- (u -v)  >

F^ ?., . e* (v - r,,s)
F-1 " t"  o.41czv*s

F --  o .q lLLV + a. /  ru

B = R^= A, r:;
F.-z r.ft{l}uqu-

po,^- [  : i " , ;e
o-{ 'L" ' ' '€

ro,s)

fe o.{? 6Z N-tlr"r

t '  I  Ni
A,us
F

et38a-Jr.mcd 23
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Modefing Physicaf Systems

Linear systems - modefed with f inear
d ifferential eq uations

Derivatives capture how system variables
change with t ime

Definit ion
Linear Differential Equation - a l inear combination of
derivatives of an unknown function and the unknown
function

Example series RL circuit. what does current do
over time

.l
L ai( t )  + R. i ( t )  = 0

ot
VL

To solve - find how i varies
with time-i(t)

Can do analyt ical ly or
numericaf ly

et38a3r l .ppt



More compfex Differentiaf Equations

d2

Can havehigher orderderivatives. .. 2, 3, 4...etc.

2nd order- tinear oDE (ordinary differentiar equation)

d2

d 12

2nd order

v) + v=0

i ( t )  -  7. i ( r )=0

. i -  i2 =0
'

= i(t)

d12

d2

d12

i ( t )  + 2.

3

d
dr

d' - - - - f

dt

non-f inear

") 
sin (

2nd order non_finear

when right-hand side (RHs) is 0, equation caredhomogeneous. f mpfies no outside stimuration.

et38a3r l .ppt



Examples
homogeneous R=1 0k

No current source after the switch
is thrown.

non-homogeneous R=10k

Energize relay with the current source
Current source drives the system.

et38a3rl.ppt



Differential equations for
controf

Equations have constant coefficients and are
f inear.
Single input stimulation r(t)
Single output variable x(t)

t r# x(t)  + + 
^rf ix( t)  + 

' ' ,  } ,ot)  
+ aox(t)=bo'r( t)

an. . . . .e2, ?.t ?o a nd bo a re consta nts

What can r(t) be?

constant -5, 3, 10
ramp 3t, -10t, 0.2t-3
sin/cos 100sin(cot), -Scos(rot+O) w and q are

constants
Unit-step (square wave)

v(t)

= 1 after to
0 beforeet38a3rl .ppt



Examples

x(t)2

r t2
/d \
I  -v l
\dt  I

d2 d
- l
dt

t

T,7-a -  |  o.e =04. i -2.
de

rfri(t)* R. i ( t )  = 0

ldentify which of the following equations are
l inear and which are non-homogeneous

e frx(t) + =0

* s in(v)  = 0

o.{v
dt

* 2-v=V,. , . , .s in(r t l t )

et38a3r1.ppt



Ch aracteristics of Linear Svstems

1.) Multiplying by constant is reflected
though system.

l f input r(t) gives output x(t) then,
K (r(t)) gives K (x(t))
l/O proportional

2.)Superposit ion from circuits holds

l f  input 11 (t)  gives y1(t) and
input r2(t) gives y2(t) then

total output to inputs is

rl (t)+ r2(t) = y1 (t)+y2(t)
Total output is the sum of the individual input
responses.

From circuits - transients and sine steady-state

6 et38a3r l .ppt



Deriving Dynamic Equations
I n put/output relationsh i ps

Dynamics represented by integrals and derivatives

Electrical elements: Resistance

i(t) -> R ohms
re_--{)

+ v(t)

Defining equat ions v(  t )  = R. i  (  t )

i ( t )=e. i ( t )  ] -=c
R

lnductance (henrys)

L
i ( t ) ;=m

+ v(t)
ini t ial  current

Defining equations at start of time

(t)=r-1rttl i(o=r [t (t)d- i(6)
dt L. ,  0

7 et38a3r l .ppt



Lumped Circuit Elements:capacitance

Capacitance (farads)

i (t)

v(t) init ial voltage
start time

at

Defining equations

i ( t )=e {v( t )
dt

v(t)=: I; i ( t )  dt  + v(0)

All faw from circuit theory hold for the analysis of
lumped circuits. KCL, KVL, mesh analysis, nodal
analysis can all be performed. Substitute the
appropriate integral or derivative into the mesh or
nodal formulation.

When the current or voltage in a circuit element
involves the two currents or voltages, the derivative or
integral take the difference of the voltages or currents

et38a3rl .ppt



Example

lumped circuit element representations

v(t)

KVL around

t ( t ) ,  nr i i  1( t )  i2( t )  l=O

Write mesh equations for the circuit below using the

mesh 1

-v(t)  + L d.
- l

dt

,,, f't
nr( i2( t ) -  i1( t ) )  

- ;  l ,  
i ( t )  d+ (o)+

system of integral-differential equations in unknown functions
i.,(t) and ir(t)

9 et38a3rl.ppt

RZ'i2(t)=0

' -L i  1( t )+ Rr( i  l t t l  i2( t ) )=u(t)

KVL around mesh 2



T-
h

-l-

dt

Assume laminar flow for simplicity. Qort determined by p of
tank.

P=RL.Qout P = p g.  h Combine these two
equations and solve
for Qorl

out

Self-regulatingtank system

Need relationship for how
level changes with time.
Derive differential equation

av = (o ,n -  o ort  ) . l t

level change

.Av
Ah=--

A

AA

average level change over time interval At

(o ,n -  o out) take limit At -> o dh _ (o 
'n 

-  o out)

RL

ort  ) 'at

Ah
-=

At AA

P 
=Q

RL TJ=Qout
l0 et38a3rl .ppt



Self-regulating tank system (cont.)

dh
-=

dt

bring all terms with
h or derivative of h
to one side

(o,""+) p'g l r  \
* t* /

+ (  ,n \ .n=Qin
rR I  'Ar A
\ - t

dh /o 
'ndt 

=\  
A

A

dh

dt

multiply through by
coefficient on h
Remember f inding h(t)

f* to)  +*h=I!ein
\  p 'g /  dt  p 's

R1
r^L
Ll=-

p'g

non-homogeneous equation that
determines how height of l iquid in
tank varies with time

Q,n is independent of the l iquid height. consider i t  along with
density, area and flow resistance to be constant

Let R r- 'A
L=-

p'g

r  + + h = G.e indt

Shut off value to find natural response of tank for some inital
height

I I et38a3rl.PPt



Non-regulating Tank

Output flow is fixed by pump flow rate. lt is
l iquid height in tank.

Qin
_-- I-f_
r t

h(t1) |

I ̂ 'i'
YI

Ah
-=

At

dh

(o 
'n 

-  o out) take limit At -> 0
A

(o 'n -  oout)

independent of the

(o,n
Ah = AV=

A

Define

Q out) o,

dt A

[t  
' '  

dh

ldt
.J t o

At=tr  - to

Ah(t)=h(tr)-h(to)

Right hand side is independent
of h. To solve integrate both
sides with respect to t

t1

I te in-oout)  dt

0

dt= 
|
j t

t2 et38a3rl.ppt



Non-reg ulating Tan k (cont.)

From Calculus

h ( t  r  )

Ah(t)  =

l3

I te in-oout)  dt,  \  [ t ,
h( t  o)= |

I
; t  O

I t r 
Note: Right hand

r ' 1 side is not a function
Ah(t)  = 

i  ; . \Q tn -  O outT dt  of  t .  t t - is  a1 a constant
i .  and can be taken
i t o out of the integral

Change in height depends on the difference in flows and the
time that the difference is applied.

lf Qin is not a constant but changes with time, the formula
below models the response of the tank system

I  tQ ;n(t)- o out) dt
[ "

Jt o

et38a3rl.ppt



Solution techniques: convert all equations into derivatives
only. Approximate derivatives using mathematical methods
calculate approximate derivative values for some small
increment in time. Results are a list of computed points
that approximate variable over a time interval. Graph
these points to see system response

Liquid Fi l led Themometer

f.

cr,

T" = fluid temperature
T, = measured temperature
Cr, = thermal capacitance of
themometer

How does measured temperature
change with time. Heat transfered
to themometer depends on AT,
R, and time interval

AQ=
( r  

"  
-  r  m) l t

^QAl m=,ûTm

RT

definit ion of thermal capacitance
AQ r;

AT,," '=-Tm

^Q
-=

"Tm

( r"  -  rm) l t

R Ic Tt

(r"  -  rm) l t

14 et38a3r1.ppt
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Liquid Fi l led Themometer (cont.)

Determine the average change in temperature

Arl11 ( t ,  -  r l11)

At 
= 

RTCT'

take limit At -- 0
dr]n ( t"  -  r111)

dt  
= 

RTCT'

Get all T, and its derivatives on one side of the equation

dT, Ta fm

dt R T.c T,  R T.c T,

dT, Tm Ta
I

dt R T'C T, R T'C T,

dT ,-,
RT'CT, 

"  

*Tm=Ta

This is similar in form to the self-regulating tank equation
This is a non-homogeneous differential equation that describes
how the measured temperature changes with time

l5 et38a3r1.ppt



Mechanical Systems

Pneumatic Control Value Position

Determine how the position of a air actuated control value
changes with time after pressure is applied

Schematic of value
(See text p.116 for details) F" = P"(A) = input air force

All forces must balance at each
instance in t ime so:

F" = F, (t)+ Fn(t) + F.(t)

Where Fr(t) = inertial force
Fn(t) = viscous friction

force
Fc(t) = spring force

Need equation that relates position,
x to time

F l= m'a d d2
i l=__[=_ x

dt dt2
v= d x

dt

Inertial force
d2

X

l6 et38a3rl .ppt
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Pneumatic Control Value Position, (cont.)

f nertial force ,2
Fl=m o x

dtz

Acceleration is second derivative of position, x

Friction force
/ \
ic l  \FR=B.v=B { l*)
\d t  I

Viscous friction for laminar flow is porportional to the velocity.
Velocity is the rate of change of position

Spring force

X=C'.FC FC=:1 

-L=*f ,cr) : l<,x(+)=r!*ctrJt  
"m -m

Force from spring is porportional to its length, x. C, is spring
capacitance, k = spring constant.

,2 r  .  \  ,
F"=t. t= x,  B. '1*, .  =1 .*

dt2 \dt /  C,

Fa is constant. Equation describes how position changes with
t ime. Second order equation.

17 et38a3r1.ppt



Simulating differentiation with
OP AMPs

Use rules of circuit analysis and ideal OP AMPs to find the
inpuUoutput relationship for the circuit below.

i ,n

__9_e):v-e
Pg

C

+ |

Rules of OP AMPS

no current flows into
OP AMP
V-=V*

Use nodal analysis at inverting
node of OP AMP
-,tE1)

5.r^ Crl rre""1.S

.,l-,^(t) + ,tq(t.) = g ->, .1,,",(1) =

Li^(+) = i$o) Cutr.e^1 )n

Ce{ ^e 
culce"'-[S | 

^ 
1 errn 5

Vo [1 c'te-

.{,^cr). . $ e,^(i) - v-c\)

I, . \  . r  +uc(r)/c( t ) :  L du

\.(t) = V;^(*) - U (t l. ;
ita"v-(it " o t":-iffi?.['^(

e
(

ot

/r (t\  
- 

Vo(r) - V-(t)
(r

I  . . \
c ?r (v,^(t) -v-({)) =

.c#u,^(r)= Hlot

I -R(c#V,;(t) ' t/ '(.t)
J rn,iu Jr' rnpt'u* /ot^-{P* I

17.c'*). -Rrc +ry^(t)
7
u-{ p*l in P'*{

+
if

18 et38a3rl .ppt



Proportional Control Action

Basic control loop

Simplest form of controller - amplify error and apply
signal to the process through final control element.

Example: Dc motor speed control

control variable = motor speed
sensor/signal conditioning = speed transducer
setpoint = desired speed
final control element = variable dc voltage supply
control variable = motor terminal voltage
manipulated variable = dc voltage control voltage

I et438a-5.ppt



The control refationship for proportional control

Amplify error and send to final control element.

Co=Koe*Co

Where Co = the controller output
Co = the controller output with e =0
Ko = the proportional gain
e = the control error

e=SP-Measurement,

e = error signal
SP = setpoint value
Measurement = sensor measurement

e can be positive or negative
e used to take corrective action

Measurement > sP e negative - output decreases
Measurement < sP e positive - output increases

Practical controller output devices have limits on
Co and final control element.

Examples: flow value position
motor power supply

2 et438a-5.ppt



Controller Gain Plots
Co nuTPuT

At higher Ko, e produces
more correction but
reduces the range between
controller limits

MTN, CIINTRTIL
t]UTPUT

Proportional band limits
Determined by value of

of control output.
Kp.

MAX CI]NTRSL IIUTPUT

e
TNPUT

PRIIPIIRTISNAL BAND

K1 >K2>K3
t-
/Kt
I

i/

3 et438a-5.ppt
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Finding Kp and the Proportional
Band

Proportional gain - change in output /change in error

Increasing proportional gain decreases proportional
band (PB). In terms of percent.

%PB= 1 -rc}%
Kp

%PB inversely proportional to Kp

EXample:  (  oL.+p.a' i  t  /s vd6,:  P ArnF Li , r .1ty l i ** . 'J  f iy , t , r / ,arc.*ron

A g : f .? Yd,r, ,,t _ /1 ., ,-\ Tf,Cutpul

F,^*i Kf, ,nd o/o pB 
vLr' 

*o' !;:: *: 
=:#\ =t = s ' 'ff i '

oAFB = * /oo|  -  {<,""7) = lo i -r \ r  

^{"  

.J - t  /s

Bqsed o" '  t i , r ,  J.rY, 4, l ro^1e lo de (1,.-n#s { ; l l  A" l  d"{p'at '

4o.- ip,- t (o.2") '  Ae+ 3oqoz)=6 i

Sel  KF": ' l -  f ,^J a/oPB r(r 'c i  r 'uro!  40, .?prcl  %PB=t( '*%) 'St?"

. ,  Ao"fpwf
Kp = 

T6- 
=> ela (p - 4 or*-lflrrt .+> 6 (a] ='t/Z V o*]p"tJ r-4"1Q-

4 et438a-5.ppt Gre.. ts-- e rcoc (,an 6e L""d leJ bef-e Sotarc-.- f  trn

Kp=
SP - Measurement
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AOutput
Ae



Proportional Gain and Proportional
Band

Example. Continued

Decreasing %PB (increasing Ko ) causes a smaller
error signal to cause the controller to reach its limits
oArGrrvAL o/"P&= 16olo t6fdc cc". ias€$, co +o vo*. f  * tsvdq

becreeqtq. o/* Ffr to loo/u

t l  Urr  &rpr-r ;uN 0r ' l r  0r"  o(rGiruALAe Cor"es t+"
ggrelr ; ru Ltrvr ' t t , r -  

.  , ,  -  /oo/o ) t
%fg= 

'6"!;t ' '" i- + tr 
= 

' /r0", Kp=to
Fr^d Ae rnpra,*- /h"-*  P^.dt , tces f t icex lo.r .*pa-t

A oui"p l.r'f' "* 3sr m 4v

j l l  -  K -  
no'+P: l  : :  4egp= 40,*tput-ne, -  NP Ae,

Solve {o,-  Ae'  /Jowip*}
ds",  Kp 

_

Ae. #t= sv(o' .1
P.oF.{,o-,-1 C i . ,o n 

1e 
s

5 et438a-5.ppt



Ch aracteristics of Proportional
Control

Co=Koe*Co Control formula

outconrno(
'o

l fe-0thenCo=Co

aaoa

lf e not = Q, then for every unit of error Ke(e) units of
correction are added/subtracted to control output.

There is a band of steady-state error about 0 that
has a magnitude of PB% where the output is not
saturated.

et438a-5.ppt



Offset and residual error

residual error - also known as steady-state error.

Proportional control always produces a steady-state
or residual error when a change in the process occurs
Load
change

contnol  out
%

+15

bias

0,1

error

vennon

l f the load change is permanent, then the error is
permanent. Increasing Ko decreases steady-state
error be can not eliminate it.

lf load change is transient, then error returns to bias
value, 0.

7 et438a-5.ppt



Effects of Increased Gain on error and
stability.

High gain reduces steady-state error but lncreases
chances of instability

Example

f .*  
Kp" 2 Vo'  O- ts vdc -  Co

V6= ot l  vds = g

Vu,;  ? 's vd.  = ct

q= Kp Ve * V[, , .*  *  Co. kr  *  + C6=; ( .  eVe+ ?.s y
.Vu= 6

V= Z(o) d ! . f  :  ?. f  t r . , r l \  nu s{e.oclq** &,a*e_ VFfrr
ProCe*s Ct^o. ,n*t fu V***0.4. f  

t

Vo, * f 's 'as) +?.s- 7.oV f .  Co

F,^d P<=,d,-*l €rrqr ld€rne*[et Rt' t i

( c-ro r ,s t n v*-se' l1 Pr* pot{'*" ol "f o k' f

\ /  7 l= 3.sv
#= Vo- = '.

t\F

Fc C."-* n,, C e"mo r' { o f*e'a'c*h O kp *+ oo 5 ta{ Kf * S

C, * le-.'l c-{ q

y.u--_ 3:*  i .4 V
HF- "s

8 et438a-5.ppt
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