
To find frequency response, substitute jo for s and find
the magnitude and phase shift of the transfer function
for different values of f.

A r,( co ) - 
- 1 Take magnitude of this function

Y \  
R'  C'  j  'cD and Phase angle

z = comprex varue l?,i,.; ;eat 
part of z im(z) = imaginary

Phase ShiftMagnitude

Scale _-/ im(z) \
|  -  |  i - - - , - ,2 =.--  t - ,2 0 = ?fCtani-  i
lz l  =;re(z) -  lm(z) \  re(z)  j

db(rr l )  = 20- log( |  z(r)  l )

Gain and Phase Plot of Practical OP AMP Integrator

-Ry
A v(c,r)  =

Ri(1 * f t rc j  
' )

et438a-8.MCD 8
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Practical integrator onlyiexhibits integral action for
frequencies much higher (10 times) 1/RfC.

A v(ar)
Ry

R1 Gain

Phase Shift
0(r , t )  = 180 '  180

R1C'crr  ) ;atan (

= tan-1atan

Using Matlab script to generate Bode plots and
transfer function.

ri=input('Enter value of input resistance: ');
c=input('Enter value of capacitance: ');
rf=input('Enter value of feedback resistance: ');

% compute transfer function model parmeters for
paractical
% integrator

ta u = rf*c;
ki=-rf./ri;
et438a-8.MCD I

= arctan



% compute parameter for ideal integrator' tau1=.11*". ' : . ] ' . ' , , ' ] . . ' . . . : " . ' ' j :

o/o build transfer function
% denominator form a1*s^2+a2s+a3
Av=tf([ki], [tau 1])
Av1 =tf([-1 J, [tau 1 0])
%plot both on the same graphs
bode(Av,Avl );

Bode Diagrams

\.

20
cn
910
(D

fn.E
(t,
(g 

-1n

6 2oo
(D

I
o 100
U'
ct
En
Lv

-100

-200

-300
1ot 1ot

Frequency (radlsec)

1oo
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R f= 100k C = O.O1 pF

Integtral action on time varying error signals

Et 4 Al-
l \  i  = lu l \

I

t ime

Integral of constant is l ine. Integrator produces
linearly increasing output for constant error input.
Negative error causes output to decrease. Zero
error maintains value.

et438a-8.MCD 11



Exampfe: an ide?lltgsla!o1h3-._e 
sain of Kr = 0.1V/s''lts ihital outlut at tro-iJ u=l.'s v. oetermine theoutputs if the error nas sLf in."ases of 

l
e(t) - o o<=t<-1 se(t) = 2.5 1<t<-2 se(t)=e 2<t<-3s

e(t)=Q 3<t<-4s
e(t) = -1.5 4<t<=5 s

\ lL, \  t )  1tvi [ t / :  o.J* e(+)ox +vo {0" ist  se. i ,h{ , r*  t ,=o
* 

t |  
- l  '

V,(t) :  J. , { 'o Jx + ( ,s :  c + r .s ;  V, i t )  ;3 i  c ( t  < I
\ ,  \  , tv2(t \  - 'c  i  f  ; .sJx+ t ,s:  o.zsxl t  . : . r \= o, tst-oZr+t.s

l /  ' !  "v

'v . t r ) .  o r . r ' i  ; ; ; ;  r<t  <L { ,^d r , . ,Jo- l  vgruc( he.t- f  sfep

V.tz)  - -  o zr(z)  + / 'Zs = /  ?s

1 6',{ r a i c"^ d ,{ron {o " 
frext S+e P

o--[  t=s V-(s) ' -o, ts(s)  uz.?s= Z5r-/  
'vV 

=r. .

Ct*t PqT bico?e,4sES

v c")
{

/L

,4x /
I
t r

U-,

a'  ,  n t€ 3 <t<.1 hr Cl^. . . , , . ,E l r \  €f ,^t{^\odx+2.rS = l " ' ' \  c : . - \ \  '  t -
Iui

"  -  L , ta- r
\ - r .Sdx +J.rS'  -o, /Sx/  +2,/s
J^

{u " ner* slai€

t  /?s . -  c.1t  -c,yr  r"?s

'< at  [=3 Vr( : )=c.{( : \ to l r

Vr(:) ;  ?, /s

Vocrl = o ')

VsG)= o,)

Vt(+)'

et438a-8.MCD
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Pfot o[ integr"to-t:*-o#Jp'_t1jr. :, ;: 1*,,,,'Mgtle'.h,,,PJ0", : .,,,
. t1-11nspiceto. i l3J. . , l . . . . ' ' . , . -

. x-ones (Lr length (t1),) '

x l=x.  *1.5

tz=I inspace (1. ,2,51 ;
x2=0. 25 . t ( t2+L.25;
t3=I inspace(2,3r 5);
x3=0.4.* t3+0.95;
t  =I inspace (3,  4,51 ;
x4=ones (  L,  length ( t4)  )  ;
x4=x. *2 .L5 ;

'  t5=I inspace (  4 ,5,5) ;
x5=-0.15.*t5+2.75;
t5=I inspace (  5,  6,  5)  ;
x6=><. * 2 ;

p lot  ( t1,  x1 ,E2,x2, t3,  x3,  t4,x4,  t5,  x5 ,  t6,  x6l  ;
axis( t0 61 2.51);
t j " t Ie (  ' Integrator Error '  )  ;
x label  ( 'T ime (sec) ' ) ;
y label  ( 'Output Vol tager )  , '

lntegrator Enor
2.5

0123456
Time (sec)

o
o)(U
6

o
1.5
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Proportional-l nteg ral Control
Time Function

r t
v(t)=Kp'e(t)  "  Kp rc l  I  e( t )  dtr  vo

'  J0

Laplace Function
K- 'K'

V(s) = K p'E(s) .  - : - - - t 'E(s)

Transfer Function

f f iKp(T)
Adds one pole and one zero to the transfer function
of the system.

Pl control used on process with large load changes
Proportional action only can not reduce error to
reasonable l imits.

Intergral mode provides reset action that drives
steady-state error to zero. Eliminates offset error

et438a-8.MCD 14



Integral
It4ode

t \
: \

Proportional
Ir/ode

Proportional mode
error while integral

Integral
Ir/ode

gives instantaneous response to
mode decreases error over time

et438a-8.MCD 15



Transfer Function

Simplify
Au(s) =_

Proportional Gain

A v(s)

R 1C's *  I

R;'c 's

Kp=t

/* t  1 \=-\* .  r  
RI.c" /

K, = -1-
'  Ri  C

-21(s)
=_.-=-

Z;(s)

Rs * 1
I  C.s

R;

Select Values of R;,Ry and C and cornpute Bode plot

Ri=10k Rf=100k C=0.01 pF

Adds a pole at s=0 and zero at s = -flRfC

et438a-8.MCD 16



76

60

a
!a 

o

230
or(urn

A
cDu
o

o -20
tn
C'

f -40

-ou

-80

c-input'( rEnteri value' of, capacltance: t);

r f ,= input(rEnter value of  feedback resistance: t ) ;

t compute transfer function model parmgters for
*  PI control ler

I  compute numerator parameter
t ,au=rf  *c;

t  compute parameter for  denominator
taul  = r i -*c;

I  bui l -d t ransfer funct ion
I  denoruinator form a1*s^2*a2s*a3
Av=tf  (  [ tau 1]  ,  I taul  0]  )

*n l  nf  nranh

bode (Av) , '

Bode Diagrams

-100
101 1o2 103

Frequency (rad/sec)

104

Integral action below 1000 rad/sec
1/RfC sets break point
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. :Examp|e:DesignaPloPAMF-control |erwi th. . . . . . -
,; "*""Eit:'i6o Ena lffint+i5r' oi#n'rrdfitieiic/ of 

. : '"':j

100 rad/sec. Rin = 10kCI

R1 v {nn R;^ = 10OOO
=Kp so KP::100 Rin =

Rin

R1:= Rin 'Kp Rf =1.106 Ohms

o = 1000 rad/sec

r=-L so c:==1- c=1.10-9 F
Rt'C Rf. t  

v

Derivative Control Mode

This mode is never used alone. Only produces an
output when error is changing

Use with proportional or proportional and integral

Gives and output that is proportional to the rate of
change in the error signal

Anticipates the error by observing rate of change

et438a-8.MCD 18



.:, : Ideal DeriygtlVe Modg.,E-quatigns
, . ,,r.iii+*r,:r:: pr; i+ii:-:'., l. ', .., ,;:$fi- Fl*r' 

-'.' 
,.,, 

,,'i *l' t tr.1 ,;liti;f{f": '

Time Function v(t) = K D.d 
"(t)v 

dt

Laplace

Transfer
Fu nction

V(s)=Kp's 'E(s)

V(s) , ,
E(s) "

OP AMP Realizations of Differentiators

ldeal OP AMP differentiator
Transfer Function

VC
I

^\"---

Av(s) =-Ry'C's

Introduces 1 zero
at s=0

Differentiators add a zero to the controller that uses
them.

Differentiators are highpass filters to sine signals.
Increase sensitivity to rapid changes.

et438a-8,MCD 19



A /  a\

^V\D/ 
=

L

^\_---_l

Introduces

Pole s=- 
1

R i 'c
Zero s=0

Pole restricts the high frequency response of the
d ifferentiator ci rcu it

Gain and Phase Plot of Practical OP AMP Differentiator

-RfCj 'cD
A v(ro) = -

1 + R; 'C's

( r * R; 'C' j  t  j

0(ar)

et438a-8.MCD 20
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-  atan(*, .C.or)  
T

A v(c, l )

=90



|  , .  .

Used in processes that have sudden load changes
that proportional only can not handle.

Equations

Time Function

v(t)  = K p'e(t )

+ Kp'K o 
qe(t)  -  o.KD +v(t)  *  Vo

'J  dt  
u 

dt

Note: ,^l
o 'KD 

dtv( t )

ffi=Kp

is a rate l imit to high
frequency changes

Laplace

V(s) = K p'E(s) + K p'K p 's 'E(s) o 'K p 's 'V(s)

Transfer Function

1 + K D's

et438a-8.MCD 21
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OP AMP Realization'of PD Controller
, 1.rj1,:;t:;:,.e:'.,-r446i.1.Y"1,fi:,.,.:;.''ll:':,,g$.!fel.&1r',t , 

t-, r. , ..,,

59=-Ko
E(s) P

:

1 * J(  p 's

V

Rd

1

R1

+ Qf, 'K D's

Kp=R6'C rr ,=
Rg. R6

R1

R1+ R6
KP=

Ro=Rf

Note: 1/Ko = the derivative action break point f

1/crlQ = l imiter action break point f

0<cr< 1
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Kp= lo 
t= 

/oo roJ/se( 
*.= /ooo noJ/seu

Roc = K\ S.,  #=t c=;. tN)a.- .* .* i=*
=T---=_\ t

t  n&,q 
=;Joo < {  +.  

looo r*J/s1 Ko= o-o1
I ,-=--- D {J Pr - r -  I  

- ; -  P 
{ /  

Rtc{: ,..r("^) =: 
'-.J x = qh

O ' t Rr tloooo = Rr =) /oro.r - 6,9Rr * ri:|Eg

Rr =p 
S,*[s i '1Lr le 

, , ,  
R€' .= 

/o
Rr*R; ^P 

Vai i r 'e= l l , t11*/oe^;o:

R6' ro( i r  , t t t+roox, i )  =,  t  i  Pg= R,= t ' ) t t f i ;1

..............;f]1]msl /. lrrnn=B

'E( c\

V(S)

E(s)

\ /  ,   ' \o
V \-Arr

Rr= / / .  / /  t rz

C:O, lcctr

I  o,D /
fve1of t l-t

srTi  Qr-uSeS

l Eo p/rase sh , f+

v(f)

ft

'lr=-K I+ Kos

,j{ Kb s J

t-,
/0 1 '

/ t
L

et438a-8.MCD 23
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c=0. 1e-6, '
r f=1.  11Le5;
rd=1e5;
t  compute t ransfer funct ion model parmeters for
t  PD control ler

I  compute parameters
kd.=rd* c;
alpha=ri . / ( r i+rd);
kp=-r f . / ( r r -+rd) , '
t  bur ld t ransfer funct ion
B denomi-nator form a1*s^2*a2s+a3
t numerator for  bL*s^2+b2s+b3
AvL=kp*t f  (  tkd Ll  ,  Ia lpha*kd 1]  )
*nln{-  arrnh

bode (Avl)  ;

Transfer fu nction:
-0.09999 s -  9.999

0.0009999 s + 1

Bode Diagrams

40

30co

o

d

o)
o

o
6(U

25

zv

-120

-1 40

-160

-1 80
101 102 1 03

F requency (rad/s ec)
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Proportional mode - fast response
lntegral mode - removes steady-state ( offset) error
Derivative mode - improves stability and improves
response.

Time function

v=Kp'e(t)  r  Kp'K1'

+Kp Kr*e(t)  -

I t
I  e(t l  dt
JO

oKrfrv( t )*Vo

Laplace Function

V(s) = K p'
K1

E(s) .  "E(s)S

* -  66'  K p 's 'V( s)

.  ( r  p s E(r))

Transfer Function

v(s) = K p.
E(s) '

K 1 + s + K p ' r2

et438a-8.MCD 25
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V 1(s)
E(s)

V 1(s)
E(r)

vo(s)

c ; 'R i 's

V6(s)

V 6(s) R tO'C d's
E (s) .S

1
RC;'

d

\s/

.R

S

d

d'

d
R,

1

)\

S

R

+

)

.c

1

.S

d

d

R
I
\

R

E( s)

C i 'R i 's

R1=R2

1+

.S

L
'd

' l

fd

c
c

E(s)
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v o(s)
I

l
_l
- \

\

1+ R 6'C d's + RfO'C 6'R; 'C; 's2\  Rf

R ; 'C i 's  *  f t ,  6 'C d's2
RrE(s)

Define

R1
K'-

Y R1
*=Rici

Kp=Rfd'C6

o'KD=RO'CO

K1+ o'KD'Kl-  Kp'r2

s + cr 'K p 'K l 's2 )^,

This controller add two zeros and two poles to the
transfer function of the system. The location of these
points depends on the gain values of controller

Can change response of system by adjusting values
of Ko Kp, K1 and cr

Make substitutions and simplify

vo(s)

E(s)
I
\
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Design a Pf D controller using the circuit above -1.a:.-.,-: :
e roporti6 n li ga i ffjF6- f n?ne rivative tim e co n sta n t
is 0.5 seconds. The integral gain is 0 .143 and cr=O.1.
The capacitor for the integrator C;=10 pF and the
differentiator, Cd= 1 pF. Rfp = 1 MO. Find values
for all other components.

v-
' )

/'\

\ i -

A
Ki '1ou, j ; : ,L i

K-=os Ko=i<coCd

/1 I  . -

Cg= I  i l ' l -

l
K, 'L j

I - 
__ Zc., rcz+ .n ' " )  ( t . rpF-)  

t

krC; f ' '  t rs

(P'S R,o'  / rn '?-
I  t l

P. n -  Rr*\ {o )  - \-  ' r .  = Ks =) Kr-  : - -
R, 

|  \ tJ

t x lc L 
-*-"*' 

*a-i
D - --- ':- -, 2 oo coo :A-l
f - ' ) -  

S 
- t : -J \

_.. .  _- . , . - -__-. . . - , \ r__-- .

iR,= *r_ '  lo,o6ojZ'
l r  -  -J----

( , :  /O'uF

V
\ l

d P(: C'  /
cd

qKo(J= Qaca C; ' I 'uF

d (\Kr
= Q; S,".t rl,Jr,le vo iu,. €S

o /(o s)(c rq: \
{=

t - t

tX lo ra

, -
\  -?rr^^ n I

)  t ts. : 'L--<J I

ard

/ l

K/|  \c
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