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Nyquist Stability Criterion

Plot complex number that results when s=jo for a number of
frequencies

Plot the real and imaginary parts on rectangular coordinates or make
polar plots.

Method used to determine if characteristic equation, 1+G(s)H(s), has
positive real parts.

gain margin pt
(-0.5+j0)

phase margin pt
(-0.7660 -j0.6428)

stability pt.
(-1+j0)
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Nyq uist Stability Criterion

1 .) system is unstable if the plot encircles the stability point (-1+j0)
2.) system is marginally stable if the stability point is not encircled but
does encircle the gain point (0.5+j0) or the phase point
(-0.7660:10.6228), or both of these points.
3.) The system is stable if the plot does not encircle stability point, the
gain margin point, and the phase margin point.

Example: System A is marginally unstable, while system B is stable.

+Re

+j
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Example: Proportional controller used to control a 1st order lag
process with dead time delay. The transfer functions are given as

?
G(s)=s H(s)=.  - -1 ."-o '08's\  '  1+0.7's

a.) find the open-loop transfer function
b.) use Matlab to create a Bode data table
c.) Use Matlab tocontruct an open loop Bode diagram and error ratio
graph
d.) determine the gain and phase margins of the system and state
whether or not the system is stable.
e.) find the maximum frequency limit
f.) Use Matlab to construct a Nyquist diagram of the system and state
whether of not it meets the Nyquist stability criteria.

a.) Open-loop gain

17.5
1 * 0.7.s

b.) Matlab code to generate a bode table and plot the results

Enter the following code and use it to do homework. Test it with this
example. The graphs should match.

G(s) H(.)=5 ( 1+
.  
"-  

0.08.s
7.s

3.5
0.

.e-008')=

et438a1O.MCD 29



I  Example bode calculat ions
clear a] . l i
c lose al l ;
t  def ine the forward oain numerator and denominator coeff ic ients
numgh=[17.5] ;
demgh= [  0.  7 1]  ;
? construct  the t ransfer funct ion
Gh=tf (numgh, demgh) ;
? Use the bode funct ion wi th i ts arguments so that i t  returns the
? magnitude, m, the phase shi f t ,  p and the frequencies so that
? the ef fect  of  the dead t ime delay can be added to the system

lm p wl =bode (Gh, {  0.  L,  100 }  )  ;
I  now compute the values of  phase shi f t  for  the t ime delay using the
8 formula -2*w*57.6
pd=-0. 08*w*57. 6;
I  Add the the phase shi f t  of  the t ransfer funct ion to the deadt j -me delay
t  take the phase shi f t  out  of  the 3 column array [d p w]
phase=p(:) ;
pt=pd+phase;
I  make a 180 deg marker l ine
I  length funct j -on determj-nes how many freq points exist , '
i=Iength (w) , '
t  use impl ic i t  looping to make array that  hol-ds -L8O in every locat ion
m180(l- : i )=-180;
I  compute the gain in db
db=20. *J-ogl-0 (m) , '
I  create a f igure window
figure;
t  d iv ide the plot  area in two parts.  The f j - rst  part  is  for  gain
subplot  (2,L,11 ;
semi logx (w, db, tgo- '  )  ;
x label-  ( 'Frequency (rad/sec) ' )  ;
y label( 'Gain (db) ' ) ;

t i t le (  'Example Bode P. l -otr  )  ;
gr id on;
t  second plot  area for phase
subplot  (2,L,2);
semi logx (w, pt ,  t  go- t  ,  w, m180, t  r r -  t  )  ;
x label-  (  'Frequency (rad/sec) ' )  ;
y label  ( 'Phase shi f t  (Degrees) ' )  ;
gr id on;
I  pr int  the resul- ts to the screen using the fpr i -nt f  command
I t ranspose (exchange columns to rows) to al low pr int ing
w=w | ,'
pt=ptr i
? pr int  header l ine
fpr int f (1,  ' f  ( rad/sec) \ tGain (db) \ tPhase (deg) \nr) ;
I  pr int  formatted data [w; db; pt ]  assembles data in n columns
I with w db and pt on each row
fpr int f  (1,  r88.2f \ t te.2f \ t88.2f \n ' ,  Iw; db, '  pt ] ) ;
I  pr int  l ine return to reposi t ion cursor
fpr int f  (  1,  ' \n '  )  ;
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Table of Results (cut and paste into MS Word)

f  ( rad/sec)
0.10
0.13
0.16
0.20
o.26
0.33
o .42
0.53
o.67
0.85
1. 08
L.37
L.7 4
2.2L
2.8L
3 .55
4.52
5.74
7.28
9.24

LL.72
L4.87
18.87
23.95
30.39
38.57
48.94
52.LO
78.80

100.00

Gain (db)
24.84

24.43
24.8L
24.77
24.72
24.64
24.50
24.30
23.99
23.54
22.49
22.02
20.90
19.55
17 .99
L6.28
14.44
L2.53
10.55

8.55
6.52
4 .47
2.42
0.35

-L.7L
-3.77

-5.84
-7 .9L

-9.97
-L2.04

-s.65
-7.L7
-9.08

-11. 48

-L4 .49

-L8.22
-22.79
-28.30
-34.78
-42.L5
-50.21
-58.70
-67.34
-75.96
-84.56
-93.29

-LOz.45
-LL2.44
-L23.77
-L37.06
-153.05
-L72 .54

-L96.95
-227.35
-26s.59
-313.84
-37 4 .85

-452 .  09
-549.98

Phase (des) t "A"J {,*.J un

-4.46 Co*pnier ${.ee' \
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c. and d.) contruct Bode pfot and find phase and gain margins

Exande Bode pld
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Draw fines and determine the margins from the graph.
rn. -q dl r.oeJ -ei( 

t ur^sf*Ale sysle,*.r
€ ' /00 t (- 

^) 
' laoD rueeJ /40" J
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Exarnple (cont.)

e.) find the frequency limit

0

-2

-4

€

a-8
E'

;

,E -ro

-12

-14

{6

{8
1ot 'lo"

Frequency (rad/sec)
1o'

The frequency limit is the point when the controller no
longer has an effect, Error ratio 0 db
cD = 50 rad/sec

Note: there is no zone 2 in this error ratio plot.

Example Enor Ratio Plot

t
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f.) construct a Nyquist plot and determine if the system is
stable.

lVqist Pld Wth Dead TinB Dday

n s
\

I o

0.5

-2 -1.5 -1 {.5 0 0.5
Real Paft G(s)H(s)

System is not stable because the plot encircles the point
C1+j0) (point is circled).

See handout for complete Matlab program to generate these
plots

90
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L
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E - l

-1.5

-2
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Stability of Control Syste

For a closed-loop negative feedback system, the roots
of the transfer function denominator indicate the
systems stability.

All roots must have positive real parts for stability.
Negative real parts indicate that transients decay out of
system.

Example Closed Loop Transfer Function

Y( s) 15 15

Roots of above
negative.

(s + 2).(s + 1))

, s = -1 all roots are

Adding gain to system effects locations of roots

Example

D/-\  
= 

/  n
f \ I .- | I L" \ - /  S. \S +

\ 3's + 2) s ' (

s=0, s=-2

et438a11.MCD 3



Open loop system transfer function
Y( s)

S=0 S=-2 S=_4

Poles of the open foop
system

System stabfe for any valueofK

s'(  s + 2).(s + 4)

6.K

fl:5#osed-foop 
transfer function with unity gain

! t )  G(s)
G(s) = 6.K-=l l )z^rr \ (s/ 1 * G(s)

Y( s)
-=R(s)

6.K
s.(s .  2) . (s .  4)

6.K
s.(s r  2) . (s + 4)

6.K

r  O.s2 r  g.s + 6.K

Multiply top and bottom ofexpression by s(s+ 2)(s+a)
and muftipfy factbr, "-

Roots of denominator ofclosed foop transfer
function depenO on'tne
gain value

Denominator of transfer
function caf f characi"rirti.
equation.

1+

Y( s)
-=R(s) 

,3

*3 r  o.s2 + g.s + 6.K= o

Roots of characteristic equation must arf have negativereal parts to have staOte system.
et438a11.MCD 4



Stability Testing
Routh-H urwitz Criteria

Necessary condition for stability - alt coefficients of the
characteristic polynomial must be positive for all roots to
have negative real parts. Not sufficient. Need another
test.

Routh-Hurwitz Test - pencil and paper test that can find the
number of roots in right-hand plane (positive real parts)

Array of coefficients from characteristic equation generate n
rows using algorithm. n = highest power of characteristic
eq uation.

Example ,3 + 2.s2 r 4's + 10 = 0 characteristic equation

Create table

toto. I  nur.rber-  o€
rows = nunber of  coef f  ic ients

-3->
odd nur"rber coeFf ic ients o1 o3 ^+-

ETC3?

-0->

s1

even nunloer coefFic ients o0 a?

cor,rputed coeff ic ients

comouted coef€ic ients

nurrber of  s ign chonges
in 1st  cotunn indicote nunk;er-
of  roots in RHP
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Set up table for the example ,3 r  Z.sZ r  4.s + 10 = 0

general  form sg'sn+ aysn-1* +an's+an

pqd with
zeroS

, -3
-> I 4 0

\L

.)
a 10 n

tr b?

n

even number coefficients

odd number coefficients

computed values

ag::  1 a2:= 4

a1:= 2 a3:= 10

No aa and a5. Use padding
values

bo=
-1 /ao a2\

a1 \" t  a3l

-1 l^o 0\
=- ' .det . l  I

a1 \ t r  0 l
b2

. -1
bo::  

; ( to 'a3 
-  a2'"r)

,  -1 /  a , r \  

bo =-f

b2=;.(roo-a20) b2=e

et438a11.MCD 6



compute final row. use two most current rows to make
calculation.

Divisor element is next
element in column 1

b g := - 1 From Previous calculation

1
b 1 := -- ' - ' ( "  f 'O -  a 3 'b grO f  

= 10
'  bo \

Table completed when last row is completed

To determine number of roots in Right hand Plane (RHP)
count number of sign changes in column 1 of table

For the examPle

+2to -1 1
-1 to 10 2 two changes indicate two roots in RHP

Example Determine the number of roots in RHP, if ?ny,
for the characteristic equation.

,4 + 4 's3 + 6 's2 + 4 's t  2=O

-5-> 1 4 0

52
-

1 a'I
1U U

51
_T t l

s0 o1
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00 ,  Q, a '4

qr ,  er  p. ,Jd,^g o

r." *l l,:; [=+t, (q)-q(.t
to= - 

L* i.*_] = .
r.= +i?, :- | =,4 | (.) - .c]
t.=-ffl=.

Use \  * .  Juu'50- o^d t-"st  tno
ro, s o{ tc,U e-

t,' -tl ;: tl[= -'/"F (,)-{o]
Lr=-F,.1 rY
13' 

'([ l] ;{= 
-'1.[o,(o\-0,,,1]

Example solution

Co^ptt ,"3 Sl  Ro,>

Co *pr-r,-[rn3 So fow

[-to sr 
10 C],.Yer

Col\^r^n (  So N)o

,4+4.s3rO.s2+4.sr Z=O

A

I 6 L

I I
-2 5 z o
_1
b- "A o
s0 L

I :'t =*F* ,€{
t., o
. - 7r,lLo

rn

R.N, P.
r**s (got. r-€.1 f"A)

-4> I (- z
s3 q 4 o
9? b" t .
s1 b, bs
so ('

*d

-4 I L L

s3 4 I o

G) L

s1 t r tE
s0 co

("  
- \\ -4-  o
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Special Cases for Routh-Hurwitz test

A row of all zeros

Meaning: Pair of roots are on the imaginary axis.
System will oscillate when stimulated.

How to compute: Take the coefficients for the row prior
to zero row to form an auxiliary equation. polynomial
starts with power of row and descends. Solve resulting
equation for s.

How to continue: Take derivative of auxiliary equation
with respect to s and substitute these coefficients in for
zero row.

Example Check the stability of system with the
following characteristic eq uation

,3 r  ,2 r  Z.s + 2=O
r l  I  /

Solution J" J, 
"'. /,

6.ur cr .z P*J 
o

Qrr ot  PoJ o

;.' * t;: ::\= +[,(z)-.,t' o
tz" l[ i, :l= +[-,(')-o'(t=o

L

5? I

\ L o

to t"_
s0 t r
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Solution {-\o^J1 ,",1 Ao":

) \ 1- o

- I L o

-1 o o

eU
:>

< r  \ -^ '  rn:51r l lanf
1 crl.{, benrlc"t\\'Fe of N u 

I r
r r r r  d

l ,
t o wc'I)on T\

L
ConJ rn r{€-

d fsz*r \= Zs+e
ds L- ' "J 

-
] ."+qtc,ten{s o( sl  row

6-[ {e"os
Con..  no-t  Co^t1^ug Foe A' , ,xr l lar l

Jq'*.'+,* So^ sz tl*
--l ' 

sz-* L : ; 
"';o 

lro to { " d, p.^ng

) rn 6-g Inarq r""  f  S
t  I  r  . l -

\L= -*L

(L ,  o)

-Te 
")^n 

r! w{'""; 
,:TI; ;l=+t,c.r z(.)

I r .  L

' t- t' :'5:^^ilTq'^J^'"lxm^ 
I

:i S1 il 
,"a;;"t*, bo'^"'ded b'^{

0 sc,  l  /a*0"1
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SpecialCasesforRouth-Hurwitztgst

column t has azerovalue. Division by zero when

calculating succeeding values

How to handle it: replace 0 by variable, say e and

continue calculation normally. when table completed

let e go to zero and see if there are any sign changes

Example

Substitute for 0

+ 12.s r  72=0
4/ l

/ 
ta.4

a-3 v

,4 + 3.s3

{ 4",
, -  4.s2

/
4y

ar_r4q

G3 t.=*[ !  1t=*[ '- 'c{=o
t,= * I j :.1 = + l'rl-,c,)]
L :  rL'z

b," *F(,2) ,.{
t . ,= -3a+ lZ€

€

[ .=*[a c.) 'o(e)]= o

r€ l \e , .1
cu---l'r-*ll"+llg "I
f -€ 1f .^prn* ' .e ' \  - j l
LG'.--'JL'LL € -\ J
LL

40,

nr

t-
L
I
L
I

cd

(1

\-o

=4 4 )L

s3 3 IL o

5? t " Lz

s1 u, ts
s0 co

=4 t { IL

s3 3 lz o
5? >0 IL o

s1 k' ta d

s0 co
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-4 4 IL

s3 ? IL o

i>- ?+o lu ^

s1 t r o
n

> IZ

Evaluate the first column as t goes to zero
€ Po= r{ tu€'

|  -3C*fL€ G-+o
a.-- -_=-- \

IE

t -al

b,-- -oo
- r  a
SrqN CL'o"1e5 tro-nn

J\,  - )

-3e
6 \ .+o

r ; L roo-ts lnO { ,o -oolr
- .oo to lL I  K'  i l '  r '

Routh-Hurwitz test useful in finding values of gain parameters
that cause system to become marginally stable.

Example

s3 r  o.s2 i  8.s + 6.K= o

Check to see what value of K cause this characteristic equation
to oscillate. eo= \  e,= 6 Q.= R 6t= 6K

S" I B
6 IK 0

-1 Iu t,.
50 t l

4o: 4z F*J o

-  F*Jo
-Lt t  *3

,  - -L/  t  B
oo- Lla Ly

t^= g-6R-o z-
|  :  -11 l l  o
n- /al 6 o

"+[.* *{
{= 

c)
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53 I B o
L 6v, o

51 Lo o

50 61

Parameter Solution h 48 - 6'K
D o= 6l l

1 l6 6 'K\
b,f  = - : 'def  ' l  

iu1=-bO'vr\bO 0 
I

b1= !(6 '0-6Kbo)'  bo

6'K'b 6
b1=-r,  =o'K

For oscillatory Response
bo=O Find K for this case

2
S- I

5? 6 LY o

-1 bo

-0 6N
48 -  6.K=0

6

K=-48=B
-6

WhenK=Srootson|yhaveimaginaryparts.

Sine response
For K>8 sYstem unstable
Real Part of roots are Positive
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