
Model of Proportinal System
Bias = 0

Cu =0

Ko = feedback gain (voltage divider in lab)
Ko = Proportional controller gain
x(t) = input function
r(t) = output response of the control system
Plant is modelled using RC circuit
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As Ko increases, steady-state error decreases
System responds faster than natural time
constant

MathGAD x(t)  := o(t  -  0.2)
formulas
used to 

|  -r ,- .2).o(t- .21.(r.r-rp.ra)
generate K^ l .  R-c
plots '(t 'K p) '= 1 + K;G'lt 

- "
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Error As a Function of Proportional
Gain

v"erro(2, r o)

Computing residual error
sso-ssa

.100%o/oAffOt=

Where

sso

SSo = desired steady-state output (1 for
unit step

SS. = actual output at steady-state

plot on a log axis then this graph becomeslf Ko is
l inear

I I et438a-5.ppt



Laplace Transforms
Laplace transform converts time domain problems
into functions of a complex variable, s, that is
related to the frequency response of the system

ju= j?rf

lef  t  hol f
nlnne

r ight  hol f
nlnner ' '  ' -

Time domain Complex frequency

Complex Frequency combines transient response
with sinusoidal steady-state response to get total
response of system to input

S=o r  j  .Cr l

o = exponential decay/increase constant
related to time constants of systems transient
response RC = L/R = o in circuit analysis

o' te" ' exponentially increasing function over t
-o ' t  . .  r r  .  .  .e v \ exponentially decreasing function over t

q\/qTpm

nespones

- jor j?rf
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Sinusiodal response From Laplace
jar = j2nf same frequency used in phasor analysis
Laplace related to sine response through Euler's
ldentity. Eule/s relates complex exponentials to
sine and cosine time functions

ej  'o-cos(r , r . t )  .  j  .s in(ro. t )

e- j  'o-cos(rrr . t )  -  j  .s in(r , r . t )

Adding and subtracting the above retationships
gives the exponential forms of sine and cosine

ej  
'o + e- j  

'o-2.cos(ro. t )

I

cos(r,r ' t ,  -  
ej 

'od.- 
e-i  ' t{

2

ej  
'o+- 

e 
j  ' t t=2. j .s in(or. t )

s in(o ' t )  -  " i  
'a i -  

t - i  
'ar t

2. j

Since 
"t't 

= eo't."j 
.crrt Laplace can give

complete response

Dc, transient, steady-state sinusiodal
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Basic Laplace Transform pairs

Time function
6(t)  lmpulse

u r( t )  uni tstep

"-  

t ' t

Laplace function by constant
Examples: time

5.u s( t )

3.s in (  4. t )

Laplace

S+a

1

" t ' t
s-a

0)
sin (  o. t )

,2 +(D

S
cos(ar. t ) 22

s-+0)

Linear ramp
slope 1

Note: time functions multiplied by constants give

Function
1

I
s
1

2

1

J

Laplace

!
S

4
3.

,2 + 16
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More Laplace Examples
time

e-2't

e5' t

10.1

t .e-  a ' t

3.cos (  t )

Laplace

1
S+2

1

Theorems

s-5

10
^

sz

1 Laplace
- 

^ 
Table 3.2

(s + a)t  text

. rS

" '  .  cr l : l
St+ 1

Laplace of an unknown function

Linearity of transform - can multiply by constant

I  ( t , '  t t ) )  F 1(s)
Examples

!( ,  , ( t ) )= |  1(s)  I  (u , '  ( t ) )= V 1(s)

1(t))= r  1(s)  I  ( r  r ( t ) )= F 2(s)

(" ' f  1( t )  + b ' f  z( t ) )  =a. 'F 1(s) + b 'F 2(s)

l f  I ( f

Then I
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Laplace Transforms of Calculus
Operators

into multiplication by s

Then
Subtract any initial

1(s) -  f  1(o) 
condi t ion

Laplace turns derivative

r r  r (  1( t ) )=r 1(s)

r l l f  \
\dt '1( t ) i=s 'F

For higher order deriva
l l

/ l  ( t : r r ( , ) )=,  ( .
l \otz ' '  I  \

tives

F 1(s) ftr(o)f r (o))

r ( r , ) ]=12F1(s)
\

f r ( t , l  s  (s F!
w

Thenr f  I (1( t ) )

r f  r1( t ) , , )

lf initial conditions are all zera, formula reduces to

d2

at2

Laplace turns integration into division by s

= F 1(s)

=:  F 1(s)
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Examples: Lumped circuit elements

Inductor voltage

vr( t )=Lft i ( t )

r  v r(  t )  =!  ( r .*  i ( t )  )  u L(s) = L.s.r(s)
\  dt  '  ' l

v6(t)=* 
I

r (uc(t)  )=!( :  I  
ic( t ,  o.)

v p(t)  = R. i ( t )  I (un(t))=/(n. i ( t ) )

V R( s)  = R' l (  s)

Capactior Voltage

i c(t)  dt

1
V C( s)  = 

C* ' l (  
s)

Resistor Voltage

Similar methods can be used on lumped elements
for translational and rotational mechancial systems

et438a-6.MCD 6



Laplace and lmpedance
Remember phasor analysis, only valid for sinusoidal
steady-state. Turns ac analysis into an analysis similar
to the dc. (Ohm's law)

x,^,  j  'a l 'G
X L= j  

. r r l .L a = 2 'n ' f

I = 90 Phase shift - j  =-90 Phaseshi f t

Laplace Ohm's Law lmpedance

V;
: r

,  
=J .O.L

rL

\ ,vc 1
La 

=j  

-C

=Ls

since Laplace variable represents frequency, it's
possible to replace jrrr with s and s with jo. lf s is
replaced with jcD,_analysis becomes reverts to phasors
we can find the frequency response of a dynamic
system by converting differential equation ihto Laplace
domian and replacing s with jrrr. sweeping frequency
produces Bode pfot of system

\ /  /^ \v cts)  1

l (  s)  C.s
u*=*
tR

V ;-(  s)

l (s)

V p(s)

l (s)
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1.)

2.)

3.)

4.)

5.)

Solving Circuits and Systems Using the
Laplace Transform Method

Develop the differential equation model of the
system
Transform equation using Laplace tables. Include
voltage and current sources. (forces and torques)
Solve resulting algebraic equations for variable(s) of
interest. (usually a ratio of polynomials)
For time response, take inverse Laplace transform.
Results in form of exponential, sines and cosines.
To find frequency response, replace s with jw and
sweep frequency (note: take magnitude of complex
quantity.

Step 4 gives total response to system: transient and
steady-state, regardless of type of system excitation

Example: Find current through capacitor, i"(t)
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equation Using KVL

i c(t)  dr

Write integro-differentia

V=R.ic( t )  + :  f 'l\r, 
J O

fr|" Laplace transform/o.ftage source taken asf V volts.

V:= R.tc(s)  + 
*

ofve for l.(s)

Y=;"(r l  l *  + +\  c.s

1.)  \

2.) T,
V
of

3.) Sc

v
S

uation
nitude

of both sides of the eo
a unit step with 

" 
rnro

I  c(s)

= I  c(s)( -

= | c(s) simpfiff

Starts to fook
phasor analysis

v
s

( -+

C.s
C.s

1\
f  . - l

c's i 1\
c's /

.To* make the terms insidethe parenthesis toot tiiiJ'"-
expression in Laptace tabfe)= 

,  . (s)R.C.s + 1'u(
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Divide top and bottem bY 1/RC

c.v l  1 \. l  ' ,  \=1,^(s)  Simpl i fyandtakeinverse
R'Cl-  1 Laplace

tD-r- l

\  R.CI

I  z I  
t  
^  \= z(r  

"(s))  r ("- '  t )  = 1
K |  |  |  '  /  '  

S+a
rS-r- t
\  R.C /\ ,

t
V R€ This matches the solution of the

'e ' | \  Y -  i  c( t )  d i f ferent ia l  equat ion
R

For more comptex Laplace expressions need to use
Partial Fractions Expansion or Method of Residuals

This breaks down the rational expression in s to a sum
of simplier expressions in s with unknown coefficients

After finding coefficients, Inverse Laplace can be taken
of the indivi-dual expressions to find the time response of
the system.
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verse Laplace of the function

3s*7 IS'K'|::"^t'iR?f.
-  2 's -  3 FRAcTrunJ

l=rod A{E 
r  -  r  t ro.Jor

fn t-t t1. 6.1 9aC h l
a ) B (s - 3) i euo tto-le .ks'' ll o-*

s-- 3

?+f a => A=4
- '--

4s

.  - ,A , .  .ov Ar

(St l )  €voiuo!q fe ' rnar n r f r ' ]  €xl t resston

\  R(sr ' r  \  I
Jf-^J\ / ,1

Example 1: Find the inver
below

?. c
H(s)= ,-

Fr^d, A ;'€Ab

,.-*XJs = st-- + Tr '
\ '  

; ;s+?)(s- . ) l= f ( \ -3)
I  s ' -3

( : -=)(=+/)  1u o
S= 3 A

3(3)+? ? A+ s ' . ! { i l  =
3+ I  J+i

- r{ ' ti -  rnd 6
--- n^ " tf . R,r N^€x+ f.'tlo" (s

a{ roof o{ $o.,t u- S: - |

(s.+l)(s+r\  /  - -  R(s+r)  +
. ' - --G-TG.[  {=. ,  

s-3

kr)3+? A,(- l_* l - ) -+B
-  -  '= 

- ' ; - - ; - -
( - t -s)  - r  n
t* - l f  

3s+l  I  f t f - -4 -
/  lA;V=_r{_rr  ls_3

\J-r  J\" , ,J_l  t_

fi-^.t ,"-t' r rnre
r{  -L

=-
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Find the inverse Laplace of the functionExample 2:

1,,,J , l G ( s) =

Ev ntunrF A-r-

z-sZ -  4
(s + 1).(s -  2) ' (s -  3)

z'3

AB-- -J-z-s+l  \ r

)/z= C

s- 3

\  " / \  . -

F,^dB (zsz+)(s ' -21 l - .4( : - -z)  +B( aC(s-zr/= ( t*r)-  f f l  
.

(illffiT L+1

l ta Zsz-{  I
(" lH- l

f,t*,)(r-.)(s-tl
et438a-6.MCD 12
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Cr-= I  [ .3
f?-ooTS

, )
l- c.cto"gG

s2 + 3.s + 5

C"S S=

Example 3: Complex roots in denominator. Find the
inverse Laplace of the expression below'

G(s) =
2.s Can't factor must use

Quadratic formula or root
solver in calculator

-3*f f i_-3 1. , ,F
f f  z-sL

F"n i

Zs

S =_l ,s nt / .csa3

€rSo.n d as [efu '-e- 
(

(s + (t.s+tr
=

'.s*(r str titgffi s+(r stfi'6ss3),

f o 
" *"$ gorv" g\erg n *^ \<r ll 

po l'c"r- {u t tn { q

l ,S +-, 1. 65 83 = 2 zZ t^ /41'y'o / 'S7 / '61-93
( \ l

(,  .-dr.6ss3),ese$(s *I
t-l B

It  
s+f l ,s- , f t ,ass:)\q

ffirnrrl€ g lu$J<r
= 1.236 /-17.2e'

l__n(r*zii l@ r
J y*6ze) G + z 136 lq6") I 

-- 
ffi

|  
- /  - -

g:-  2.73L/<l ,ar ]

I
; ' - / \ i

'  I n or n4.Q-t : A I
i  I  \ - / ,  /  v t  !  |  I
l ' f f rr \ l \
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Exampfe 3 (cont.) .
F,^d8 f ,a. lon (s+J.236/-1?,q,6 ' )

Zs (s ra,&@\ A (s r A zae y'q?.S4

(s+ r z:s/<rsi'Xs ra/bz,se}

Z (- z z3"7!t€d)
: Atz z 36M'uora3e ,r-.72*..;

; ,H: f - ' (L -o.er: ' {Q* 'ffi=x=ffi_*ffi
= {' t ( -uo*n+)ffi * (, * ool-11[{, 

'-,__rn'*i= [r  -  c goord] gc, str .ass:)*+ (r+d.eo{*d) 
" , t , ! ; , ; ,%s)r 

"r- l

; '^'pr, 
l: I 

-oeoru4i'5 t-'Ju /' 6sQte) 
+ (r ro eoa06)'.t,se)-t# csq3 rJ

= a' ' t t& -oeo. ie6) 
"{  

r ' tsor t  + (roo ?:4r i  )* i r 'csur e]

., BG+J,236A]f6')
: - - - -

(sra23<d.qg")
-  t '\  = -2,n6/-q2,2

l--

S= -i,L3'- '+?.94

--z.zsa/-qar*'+ z,zJ6@

=8 +>

+8

3.31G /goo

[vsTr A q B cLns conl" iok P"

i . . , ]  . : / ,c; -J(  - ;6/ ,gs8lr^ , . , , \_^J . -y/ ,65, f t  , -11,65.9f  -  ? . - ,  t t r ,^ t
r  

'  ' i ' \ ' '  
t. r l€-S \-  + e ' ' l  '  =-- iCos/.658t c?1"-- ' * ' * '  ( " - - ' ' 'c ;  Z*tr 'v / ,6SiC

r r  l "  - ]  V

= g' ' " ! . " . .  i  css6 *( .dX' .  1*7f)s ,o / .6f04]

- z,z3 a/<z.tao + t. *< y'[2.*"

* q,_i? L l-JJ j.:.

s + i, zs c /42,8<'

B = |  + o.9o+0t
o

o -"1 ,0olesr,oi .esut I
J


