Model of Proportinal System

Bias =0
e(t) i r(t)
X v K- x Plant .
> D Py 1=RC
Setpoint

K4 = feedback gain (voltage divider in lab)
K, = Proportional controller gain

X(t) = input function

r(t) = output response of the control system
Plant is modelled using RC circuit

Method of solution

Signal flow algebra and Laplace transforms
Final solution to step change input:

(14K 5K g)
Kp R-C

r(t,Kp> ::1+Kp'Kd- 1-e€
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Response to Step Input
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As K, increases, steady-state error decreases
System responds faster than natural time

constant
MathCAD x(t) = @ (t- 0.2)
formulas
used tC:[ > -(t—l)-¢(t-.2)»(1+Kp»K d)
generate N .
plots r(t’Kp)"pr-K ol -
p™d
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Error As a Function of Proportional
Gain

60 | T [ T

40 -5

%erro(z, K pi)

20~ =

|
0 20 40 60 80 100

Computing residual error
SS 4- SS ,
%error= -100%
SS 4

Where SS, = desired steady-state output (1 for
unit step
SS, = actual output at steady-state

If K, is plot on a log axis then this graph becomes
linear
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Laplace Transforms

Laplace transform converts time domain problems
into functions of a complex variable, s, that is
related to the frequency response of the system

Jw=jenf
system
respones
left half right half
plane plane
x(1) -o 0
t time
-jw= jenf
Time domain Complex frequency

Complex Frequency combines transient response
with sinusoidal steady-state response to get total
response of system to input

S=C + ) ®

o = exponential decay/increase constant
related to time constants of systems transient
response RC = L/R = ¢ in circuit analysis

g9t exponentially increasing function over t

g o exponentially decreasing function over t
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Sinusiodal response From Laplace

jo = j2nf same frequency used in phasor analysis

Laplace related to sine response through Euler's
Identity. Euler's relates complex exponentials to
sine and cosine time functions

j ‘o . .

e =cos(mo-t) +j -sin(o-t)

el ©_cos(w-t) - j -sin(o-t)

Adding and subtracting the above rel‘ationships

gives the exponential forms of sine and cosine
o jo

e r e =2-cos(m-t)

+ ehj
2

e] - -t

cos(m-t) =

e el % oisin(ot)

e o sk
e Tl O

2:)

sin(o-t) =
; st ot j-ot Laplace can give
Since e~ -e e complete response

Dc, transient, steady-state sinusiodal
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Basic Laplace Transform pairs

Time function Laplace Function
O(t) Impulse 1
1
u S(t) Unit step —
S
e~a-t 1
S+ 4a
t 1
a.
e s - a
sin(o-t) ®
2 2
S + O
S
cos(m-t) > 5
S + O
Linear ramp i
slope 1 _ S2

Note: time functions multiplied by constants give

Laplace function by constant Laplace
Examples: time 5
S-ug(t) S

3-sin(4-t) a4 4
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More Laplace Examples

time Laplace
< 2t 1 |
s + 2
e5-t 1
s -5
10-t 1—2
S
_a-t 1 Laplace
te ? Table 3.2
(S + 8)2 text
S
3-cos(t) 3 5 & =1
Theorems s+ 1

Laplace of an unknown function
£ (f1(t))=F 1(8)
Examples

f(l1(t))=|1($) £<V1(t)>=v1(8)

Linearity of transform - can multiply by constant

If o{(fal(t)):Fal(S) 4 (fz(t)>=F2(S)

Then Z (8'f1(t) + b-f2(t)>=a-F 1(8) + b-F 2(8)
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Laplace Transforms of Calculus
Operators

Laplace turns derivative into multiplication by s

If £<f1('{)>=F1(S) Then
Subtract any initial

4 (g—tf.‘(‘[)):s,F 1(8) _ f1(0) condition

For higher order derivatives

2

d
— f4(t)|=s(sF 4(s) - f4(0)
(dt2 : ) ( 1 1 )

i _9 #0
dt()

If initial conditions are all zero, formula reduces to

2
‘£ <_d_ f1(t))=8'<S'F 1(8))

=52-F1(s)

dt2

Laplace turns integration into division by s

If £<f1(t)>=F 1(s) Then

L J f4(t) dt =%-F1(s)
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Examples: Lumped circuit elements
Inductor voltage

vL(t)=L-:_ti(t)
L v L (1) =£(L-%{i(t)) Vi(s)=L-sI(s)
Capactior Voltage

Vc(t)=%'!’ ic(t) dt

1 .
o{(V C(t))=o‘£ EJ/ IC(t) dt Vc(S)=é'I(S)

Resistor Voltage
v R(t) = Rei(t) (v R(D)=L(Ri(1))

V r(s)=R-I(s)

Similar methods can be used on lumped elements
for translational and rotational mechancial systems

et438a-6.MCD 6



Laplace and Impedance

Remember phasor analysis, only valid for sinusoidal
steady-state. Turns ac analysis into an analysis similar
to the dc. (Ohm's law)

1
e

R X

= XL=j oL o=2nf

J =90 Phase shift -] =-90 Phase shift

Since Laplace variable represents frequency, it's
possible to replace jo with s and s with jo. If s is
replaced with jo, analysis becomes reverts to phasors
We can find the frequency response of a dynamic
system by converting differential equation into Laplace
domian and replacing s with jo. Sweeping frequency
produces Bode plot of system

Laplace Ohm's Law Impedance
Vi (s) Vv
L =Ls —£=j - L.
[(s) I
Vio(s) 4 VC_ 1
I(s) C-s lc j oC
Vv
VR(s) _R
R R R

I(s) 'R
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Solving Circuits and Systems Using the
Laplace Transform Method

1.) Develop the differential equation model of the
system. _

2.) Transform equation using Laplace tables. Include
voltage and current sources. (forces and torques)

3.) Solve resulting algebraic equations for variable(s) of
interest. (usually a ratio of polynomials)

4.) For time response, take inverse Laplace transform.
Results in form of exponential, sines and cosines.

5.) To find frequency response, replace s with jw and
sweep frequency (note: take magnitude of complex
quantity.

Step 4 gives total response to system: transient and
steady-state, regardless of type of system excitation
Example: Find current through capacitor, i.(t)

o Lo

t=0 A

= ¥ ——

—
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1.) Write integro-differentig] equation Using KV/L

t
V=Rei (1) é[ i (1) dt
0

2.) Take Laplace transform of both

sides of the equation
Voltage source taken as a unit g

tep with a magnitude

3.) Solve for lo(s)

V_l (S) R 1 Starts to look !ike

s i’y C-s phasor analysis
Vv

“1c(s) Simpiiy CS._ s

LB e

\
S

=1 o(s)

C:s

1 Now make the terms inside
G-\~ =1 o(s) the parenthesis look Jike
R-C-s + 1 C expression in Laplace table
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Divide top and bottem by 1/RC

C-v. . -1 .(s) Simplify and take inverse
R-C .. 1 Laplace

R-C
Vv 1
v . . _a.t 1
R£S 1 —£<IC(S)) £(e >=S+a

R-C

t

V "RC . This matches the solution of the
E-e =14(1) differential equation

For more complex Laplace expressions need to use
Partial Fractions Expansion or Method of Residuals.

This breaks down the rational expression in s to a sum
of simplier expressions in s with unknown coefficients

After finding coefficients, Inverse Laplace can be taken
of the individual expressions to find the time response of

the system.
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Example 1: Find the inverse Laplace of the function

below 3 FACTOR. DENOMINATOR,
H(s) = e AnD ExPAND AS PARTIAL
2 FRACTIOA)
Find A s  -2-s-3
A 8 '“—:r\)c] A g 8
S el Mt Lnl-] e h Factor

SIS

e §=3 eveluede Mesuld ot
_ _M &E‘L—’J— Po%$u2~( Yacter

Fea N s S| e
(-33(R%1 . 5=3
] Al i
3@ . a4y BED . B4 = A8
T2 34 4
F]r‘\&g exf]re,SS‘mY‘\

mMmult., E‘j N‘Qx‘{ ‘Eo.c;fgr (S-H} eva lua b f“emaimﬂj
at root of focter Sz - |

QJ_J)LJ_( . AGH) , BB {
sz~ |

GG+ ¢ o Cib
S ET N A(-.,_Lt_’_)_ + R~ i =8 B—*;
“‘:,’:‘T IR H]
Sl 3S+]
m‘ﬂ] DZC [S - ] STL] _
. - ¢
: E*T(’"‘S‘ c qel- € tme Junchn
\ ?
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Example 2: Find the inverse Laplace of the function

2 A 8 ¢,
- 2:s7 - 4 + T
‘Ind A G(s) = = e Y52 * 8-3
— (s +1)(s-2)(s-3)

EVALUATE AT

(S+1) (22-q)() | A(S_/{f P REHY L oesed)
W/ G ESO RS

0 5= -|
2. (1)1 8("]4‘? C(“/“) all terms bud A
?l-l)(‘(-3) = A -l-’z ) ¥ -*:;/3 drep oul
[l S =~ —<Z -A>A:= /&
SRR
Endg@s 4@ 2){ Jﬂ_gs__z_,-l-g(s 2.) _{_CCS—@
SH+1)E<2) (5- 3) l (s +1) G~2) $-3
S= 2
S= L %
2(«)—)2“1 ﬂ};_ , \_(245 L) e B R '-‘->
AT T 4 + R 3 U .

ind C EVALUATE (S-3)
@51 a)(5~3) A (5- 3) R(& 3) c@/s\
W St (‘S“/s)

=3 =3
(g)«%_/.}(;/g + B (§/§\¢C_>“"_"_C >

H)(w )~ 3%
P 7<3_.
‘ mﬂ(s a\@h] Z /c. Sﬂ] [ Sz]%[[ ]

7— 2s2-4 j 2t Y

N ,—’——"‘—’_/J ( e 4 / ‘O m
£S+]><S 2)(s- 3)‘& /é, e -k % :zg tozn
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Example 3: Complex roots in denominator. Find the
inverse Laplace of the expression below.

2.5 Can't factor must use
G(s) = 5 Quadratic formula or root
s“ +3s+5 solver in calculator
azl =3 (=S < . -Si\/'a?——q(*\(sj;é,i&ﬂ
1200TS Z (N - z
Factored Foron S SelE skl
s msEs— expand G3 before

ey
(S+(5v .esea))(s (r.s~du.é=§83\
75 - A y S S
S+(15 y&i .zsga)]y_g*(w«;—dci.aseaﬂ stSihesn) S +(1S )
) Convert Complex number Ttg Po lo~ $orm to €MV c lutte—
1. +&r.9583= 2.236 [q2.8C° r.s-du.és-@z; =2.236/-90.8¢°

A

2s (Stane/sd) _ As+2.23¢ /4299) . B(Su.zzgﬁ?_.eé’) )

- o D ~2 72 = e T e
S+ 2,280 /47%¢ )(S +2236 [-08€) S+2236 [72.88 S+ 2.13¢ N8
S=-2236/47.8¢ STl B

0
<3 0
, R (2238 4 3 23./92.3¢ )

2 (— 2.236 /_’47_&'“)

P g i A it
Lo 3% -—.!?.\,'q - ,-;-23{. v 9 : L '"\T_\
4 S h i I ~—.-:.‘— ¥ Pty
s ) iAr a2
“'\-1,"‘!,(2 F a8

T 3BT

;—d.%q@&' <A
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Example 3 (cont.)
Fiad K factom (S*& 236 4?&;)

73(‘5%2%/&%5 A(s;&u;&‘a{:) B.(Su 23¢ /2928 6)
(s+2236/403)(s ta.034/a180) | seac /08 CSI-QZ%C{‘!?&%:)

St -R.23¢/42.8¢ ‘ - S==7.23a/L5

O
2 (-3,2343{_—4?.8(3)_# A (~z.zze[g3jfi z.zagéj_?_.gaj

S ° = >
TLG /R 4 2.23¢ Sk ~2.23¢/-928¢° 42,234 /42.3¢°

e h !
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